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The Damping of Waves by Surface-Active
Substances. |

By V. Levich

The damping effect produced by surface-active substances has been
the subject of very numerous experimental investigations'. It appears,
however, that no quantitaive theory of this phenomenon has hitherio
been advanced: nor can even any fundamental assumplions, which
could serve as a basis for an exact theory, be corsidered as fully
developed,

In one of the recent papers devoled to the damping effect of
surface-active substances Shuleikin® suppested that the damping
of waves on the surface of a liquid should be due to irreversible energy
losses on friction in the surface film, associated wilh the anomalously
high viscodty of monolayers.

Similar hypotheses were advanced by a oumber of authors®
in conneclon with other processes faking place in monalayers.

From a theoretical standpeint, however, such assumptions seem
to be ili-founded and scarcely plausible,

On tne other hand, Lamb* suzgested the idea (which, as will
be shown below, is quite correct) that the damping efiect of a fiim
must be due to its inextensibilify,
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This hypothesis, however, is not supported by any direct evidence,
since the elastic moduli of monolayers have been measured experi-
mentally and cannot be said to be particularly high,

In the present work it is shown that the spreading of a surface
active film over the surface of a viscous liquid results in a radical
alteration of the boundary conditions at the liquid-gas interface, Even-
tually, the whole character of motion of the liquid is also altered, and
the intensity of the vortices in the boundary layer of the fiquid increases,
which leads to a greater dissipation of energy. ;

1. Motion of .liqnid

Let us consider the motion of a viscous liquid whose surface
is covered by a film of a surface-active subsiance,
As is known, the equations of motion of a lquid are:

>

> . >
L (EV)%=——';VP+-’} VT2 5 (90)+-F, )
% 4 divpd=0,

where ¥ is the velocity, p— density of the liquid, p— pressure within

the Hquid, w, and w,— viscosity coefficients and F — external volume
forces per unit mass.
Assuming the liquid to be incompressible and its mofion sufficiently
slow, we may rewsite eqs. (1) in a simpler form:
-
%‘;’-—_—‘---1—\7 + MG+ F, (@)
=0, 2)

Giving the z axis a vertical direction, we shall look for a solution
of eqs. (2) in the form of plane waves in the xoz plane,

As is known*, eqs, (2) may be solved with the aid of potentials ¢
and ¢ related to the velocity components by the following equations:

y
o =—g2, (3)

0‘=—-°—3-+“Tx- . (3')
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Substitution of (3) and (3') in eqs. (2) and (2') leads to three
equations

dp==0, (4
-iit-ﬁi@-zﬂ, (5)
F—L —ge=0, (6)

in which n=% Is the kinematic viscosity and F,==g is the accele-
raion of gravity, The solulions of egs, (4) and (3) have the form:

=A™ g'tsl . Bu—ls gilsval
{ = Celr gitated _y_ NV gltoesd

Assuming, for the sake of simplicity, that the Howld is contained
in a vessel of infinite depth, we may put H=D=—=0 in order ta
satisfy the conditions: o=0; ¢=0 when r=—— o= {the z axs is
directed verfically opwards, so that only negative walues of = are
considered), We accordingly have

p == Aty etz (7)
,:‘.:1 m!l'gl'.h-lnnl. I:T'I;I

The quantiies / and % are not independent, but are connected

by the relation:
l ! %

Substituting the expressions for o and § in eqs. (3), (3 and (8),
we obtain

1 == — (R A 4 [(plr) girrsat 9)
6, = — (kA" — ihOe) erere, )
p= :[p.*lek" plbetel oz (1M

Let us now find the disp'acements of particles on the surface,
Let £ denote the harizontal displacement on the surface of the Hguid
and [ the vertical displacement, Then we have o a usual approximation

05
= ﬂ'#!_ ' (11)
an
G (119
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whence

PEA = N g
—T-ﬁ Y (]2}

ER1Y

T RA— O area

= (12)

Finally, we shall subsequently require the expressions fo: the
normal and verlical components of the stress tensor, The normal
component is given by

!'J“'_——p+2nl%u§=—fliﬂeh .:'“ﬂ'l-“-pE.ﬁ_
— 2, (A At — (B ET) phebnt) (13)

whilst the tangential component is

P =y (Gt 5oE) ==y [20A% At - (24 43) Cele] e+t =
=— [26n, & Aet - (2, A2+ px) Ceir | gttrent, (139

The frequency, z, which is penerally a complex quantity, must
be expressed in terms of the wave-number, £, by means of the boun-
dary conditions to the defermination of which we shall now proceed,

2. Boundary conditions

As is known, the boundary conditions are given by the conditions
of confinuily of the siress lensor components, We, therefore, have
to determine the forces acling on & swiface covered by a film of
g surface-active substance. Equating the components of the forces acting
on the film to the corresponding components of the stress tensor in the
liquid, we shall find the equatlon determininz B,

Let the thermodynamic potential of a plane surface covered
by a sorface-active substance be given by

¥, = [ 5 () dS, (14)

where v, is the sudace concentrabion and @(v,) the thermodynamic
potential per umit surface, The integration is carried out over the whole
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surface, When waves are generated on the surface of the liquid, the
area of the free surface and, consequently, the surface concentration:
in the flm are altered,

It follows that, genecrally, the thermodynamic polential of the sur-
face is also altered,

If v—=+,=~+ is the surface concentration on the deformed sur-
face, the corresponding thermodynamic potential will be

® =g () dS, (14"

where inlegration is made over the deformed surface, The deformation
of the surface consists in that each of its elements having an area
dSy == dx dy is either stretched or compressed 1o a new area

S =V@r+E ) + T dy=dS,+ 55, d,

where j—.‘;— is the relative change of area of the surface element,

Neglecting the infinitesimal terms of higher orders of smallness, we
may write: .
a5 d5—dSy 9 ) 1‘:'[]!;)3r

d3, —  dy, —oex 2 \ix

(15)

Let us now find the change in the free energy accompanying the
deformatior: of the surface, Let it be assumed that the total number,
N, of particles adsorbed on the surface remains unchanged on defor-
malion, This is actually the case whenever the monclayer is insoluble

in the substrate. The case of a soluble film will be discussed else-
where,
The change of the free energy is given by

Ab==[ g (V) dS — [ 5 (y)dS,, (16)

ind we may write simultaneously

NV =10, (177}
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From eqs, (13) and (17) we get:

e Ly s 1 (9 Rl (O
450+ g, 450

The same result may be attained from the condifion of continuity,
E::pmiing -p{-rh-r-f} in powers of v, and substituling ' from

eq. (18) and — Su from eq. (15), we obtain to within the second order
-0f smallness

A H?{“']_““(dv) }(ax (‘--))er.r+
2[ (a#)._ﬂ{ﬂ;} dxdy.

It is known, however, that the surface tension, s, is related to the
chemical potential, w, by the equations

(19)

i 4'.'1;-
| gl T e dv I:ED}
* il
. IS T @

Therefore, adopting the motation

dtg
=" (Tt (22)
we have

o= fo [ b (&) e+ [ 3 aear

The change of the free energy equals the potential energy of the
surface layer on deformation:

u:[%h;‘jq— ’]mdyﬂ-j‘*(ﬂx) dxdy.  (23)

Letting the guantity (23) vary with the corresponding parameters

and ¥ we may [ind the forces actiny on the film. Designating the
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normal resultant of the forces applied to one cm?® of the film by F,,
we shall have

—_ — a  asf
3::_5——!.:’"':3{,’ dxdy— fﬂnﬂa—'x_—ﬂxﬂ'}
or, integrating by parts,
ik

_ _ 1
Eu:{_— j- F;deﬂ[r_——j a,mi:dj
whence
at
F:E"?E%' (24)

Eq, (24) is the usnal expression for the Laplacean force of surface
tension,

Similarly, for the tangenHal resultant F. of the fm'ltes acting on
one cm.® of the film, we obfain

5
ﬁ“t=__fFEEEd‘rdf=j"=u%#dj" J. o %‘frfxd_]‘:

EGE

Fo—y - (25)

Neglecting all expansion terms higher than the first, we may
rewrite eq, (25) as follows:

Fo=—2 97, (26)

faking accoumt of eq, (18).

It follows from egs. (25) and (26) that the guantity , characte-
rizes the elastic properties of the film and represents nothing buf the
two-dimensional compressibility modulus of the film. From the definition
of ¢, it follows that

—— ﬂfﬂ
(= —n(%)

In the sequel it will be convenient to introduce the quantity === ip"-r

where p is the density of the liquid subsirate, This quantity will be
called the elastic corstant of the film,

When the concentrations of the substance constituting the surface
film are high and correspond to the condensed state, the numerical

Acta Physienchimips ULR.S.S Vol XIV. Na A 2
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value of the elaslic constant proves to be of the same order as the
surface tension of the system, a,. When the surface concentration
fends fo zero, e also tends to zero, whilst o, tends to the surface fen-
sion of the pure liquid substrate,

In the sequel we shall have to deal not with o itseli bul with

the quantity ? which we shall designale by ».

3. Damping coefficient.

Using expressions (24) and (25) for the components of the foice
acting om em? of the film, we may write the boundary condidons
which determine the character of motion of a lguid carrying a surface
film.

Mamely, the projections of the forces should be equated to the
corresponiding components of the stress tensor on the surface of the
jquid (z=0).

The continuity of the normal component of the stress tensor
requires that

whilst the confinuity of the tamgential component gives

¥ being an infinitely small quantity, we may write to a usual approxi-
mation:

{Pn}r—_ﬂzFl;" {2?}
{p#} .L:q=FE‘ (_EIEI-]
In the case of a clean surface the boundary condifions are
(Fu:}:;ﬂ = F: {ETF:.
and

where the expression for F, has the same form, except thai, instead
of the surface tension, s, of the system Fflm-substrate, there appears
the surface tension of the pure substrate, We thus see thal the
boundary conditions in a liquid covered by a surface flm egsentially
differ from those of a pure liquid,
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Substituting in boundary condition (28) the values of p, and F,
from (13’), (25) and (11), we have
IBA - R2IC ;

—2n, A — o, (PR C=¢ = (29)
[ntroducing ther kinematik viscosity, », and the quantity
0 = gk 4ok’ (30)
we obtain
Rk Irkta at nkta sk p
(=) a—i( G+t e=0. @)

Similarly, from eqs, (13), (24) and (27) we find the second bounda-
ry condition:

(%;_+En§;{+l)A—e(2“Tf,’i +1)e=0. (32)

In the case of a clean surface the boundary condition (32) for the
normal components of the siress tensor has the same form, except

that ¢ should be substituted for surface tension of the pure liquid,
whereas condition (31), according to eq. (28), assumes the form:

qkla [ a2 Tnkla ”
'—‘QJ—,-A—I(-J;-O-—::")C:O. (317

The quantity o, defined by eq. (30), is the frequency of surface
waves in an ideal liquid, Assuming the viscosity n to be sufficienlly
small, we shall look for the frequency « as defined by

o=t jo—t B, (33)
where ¢ is the damping coefficient which, ex hAypothesi, is small com-
pared to «, so that % is small compared to unity.

In solving eqs, (31) and (32) it is wuseful to note that the
quantity _.-.:_s involved is always small compared to unity provided the

wave-length is not excessively small.
In fact,

where €, is the minimum velocity of propagation of surface waves,

given by
=Y.
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Assuming reasonable values for o, ¢ and +, we find

mk2 _ 5 1073
1 .

<<

in the sequel we shall confine ourselves to such wave-lengihs as
salisfy the inequality ZX0"— =L 1 since the applicability of hydro-

dynamics to very short wave-lengths becomes doubtful,
The further solution of the equations would be more converdent
to procesd with when carded out for each individual case separately,
1. Capillary waves, As is known, for capillary waves we
may wiite =& 3= gk, whence

w = Yk, (34)
Then boundary condition (32), after substituting o from (33) and w

from (34) and neglecting the ierms of the order of [%]l, assumes
the form

HE hk i

. k2 W Dink? {
(L2 }A_E{_l.__.i. +~;F}r:=n. (32)

According to eg, {B) we have

r ] J PN T i
T= 1""-,-'E =V,T_rki’ {ﬂ:l-

—:-nhe:,-ing the inequality -:—31 provided the wave-lengths are not
too small

Then, neglecting the comesponding terms in (32, we find that
the boundary condition is expressed by the relation:

BA — ide=0. (35)

However, comparing eq. (35) with (12) we can see that condi-
tion (35) is nothing else but the requirement

[ﬂ;:l-_zﬁ = D.l {-35".'

i. e, the requirement that the horizontal component of velocity on the
surface of the lquid should be equal to zero.
It follows that with respect to capillary waves—at least not hoo

chort omes —an adsorbed film behaves as am incompressible system,
[. e, as a true solid,
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in the case under consideration the boundary condiion for the
normal component of the stress temsor (31) assumes the following

form:
(E_._%m'ﬁ‘}d (1,. :{‘ﬂ_”} =0, (36)

Eﬂminaﬂng lhe coefficients 4 and C from eqs. (35) and (36) and

substituting .!ﬂ for —;'1' we obtain for the damping coefficient
l|i=|' Wy s g'fe pla
— AR RTOTET
P=—=7 2vz S

where the imaginary part of B, which is small compared to w, is
dropped,

In the case of a clean surface the damping coefficient may be
found from eqs. (31) and (32) and proves to be

By=— 2né?.

From the assumption made it follows that the ratio of the two
values

S S

dy 4VT g
is large compared to umity, i e, an incompressible flm produces
a considerable increase in the damping coeffident, Moreover, in so far
as s=g, the value of the damping coefficlent depends no longer
upon the elasticity of the film, but is solely determined by the wvisco-
sity of the liquid and the surface tension of the system liquid-film,

2, Capillary-gravitational waves, In the intermediste
region between capillary and gravifalional waves the frequency, @, is
connecled with the wave-number, &, by the relation

o ==\ gk -+ ak?,

In this region &= —;[- It will be readily seen that in this instance
all the condiions considered in the preceding case are fulfilled, . e,

{ ek¥ __

it follows that in this region too, the damping coefficient is given
by formula (37).
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In the case under consideration the damping effect of surface [lms
is therefore also wvery strong and, at sufficlently high concenirations,
independent of the properties of the flm,

The orgin of the addifional energy losses (in excess of those
occurring in an uncontaminated Hquid) which resull in the damping
of waves will be clear from the following considerations, Let us calco-
late the vorticity at an arbitrary point in the liquid, By definition we
have

I.=%E_m%-___?!+=%&ﬂ:ﬂw*m_

in an uncontaminated lquid, from the condition that p, must be

equal to zero, it may be readily found that

Co __ Tinke
Ay~ w2k’
where
g=—=lw ==, — iw — Ink*
whenee
Oy 2wkt
AT w !

i. e, the ratio E‘ is small, The moion of the liguid is therefors
L1

almost irrotational,
In the case of a liguid contaminated with a film, eq. (33) yields
C k| __y/ ok

£ =y/2

1]

(&) (==

is small compared to wnily, /. e, the intensity of vortices in 2 liquid
covered by a film is comespondingly grealer than in an uncontaminated
Houid,

The presence of addiional vortices results in imeversible energy
losses and eventually produces the damping of waves,

3. Gravitational waves, [n this case gk of®, whence

Hence the ratio

w=\gk.
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Subsituting this expression for w in bounadry condifions (31) and (32},
. " nkd ks ;
neglecting the quantities T and l/— which are small compared

to unity, and suhsﬂ!uﬂng fmm eq. (34), we find that the boundary
conditons assume fhe lul.lclwing form:

B tames oo
(*_f-1 i'-*'-:;?f).aﬂr;(]—?}f",h)c 0. (39)

From eqs. (38) and (39) it may be seen that gravitational waves
fall into two regions: a region in which the wave-vector &= &, where &,
,
is such that v w1, 7 e, & = &0 f% , and another region in which
I-

E'.n'q ,.;I‘.n'

- .k:'l' el hhﬂh 3 :.i-
k ~ k,, where e =g Le, by= "
It will be readily scen that %, == k%,. With reascnable values of »

= em.™7, so that 1,#31-_ 15 cm. whilst £,= 107 cm, 7

and l,:--—m«-lﬂ*i i,
#y
In the region of &~ &, {. e, for centimeter waves,

and &, &, =

—_—

s0 that TMJE in eq, (39) may be neglected as compared to L
£

£
Then from eqs. (38) and (39) we oblain

1 E”" l.lﬁl'h' #ulrl'
242 gt k‘.l'-+11g’i'-_ H'ﬁll'i‘ﬁ E'.l'l g ’

p=—

where the imaginary component of B, being but a small correction fo
frequency, has been dropped. The order of magnitude of the real

component of B is
\I’;ﬂ ;f'l":
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The ratio of £ to the damping coefficient, §,, in the pure liquid is
therefore given by

LIPSV ol
%V owh
i. e, is large compared to unity,
The damping elfect of the film is thus siilll comparafively strong
even for such larpe wave-lengths,
In the region of &=k, i. e, for very long waves, we have
ek
Hﬁl -,-I'uf:‘il
and this term can be neglected in eq. (39),
From eqs. (38) and (39) we obtain

3'-__ = 2-"."#21

{. &, in this region we have but natural damping, The effect of the
[ilm is confined to a slight change in the frequency which we have

not quoted in this paper, At still longer wave-lengths this latter also
vanishes,

Conclusion

We thus see that when exact account is taken of the presence of
a film on the surface of a liquid, the calculated values of the damping
coefficient prove to be higher than the comesponding wvalues for the
clean surface, The calculation requires no special hypotheses regarding
the nature of the irreversible energy losses in the film,

It is shown that with respect fo short waves, a monomolecular
film of sufficient surface concentralion behaves as an incompressible
syslem, £. e, a5 a true solid

It seems difficult to carry out a quantitative comparison of the
resulis obfained with the experimental data, the lalier being usually
of a gualitative nature,

In conclusion 1 wish to express my deep gratitude to Prof.
L. Landau for his valuable guidance, | am also greaily indebied
to Prof, E, Schpolsky for his kind interest in my work.
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