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The dynamic equations describing the elementary substitution reactions are deduced. The expressions
obtained are analyzed in the heavy mass limit of reacting particles. The connection between the peculiarities
of reaction cross section from one side and the bound states characteristics and the regularities of elastic
scattering from another is considered. The expressions obtained are compared with experimental data for

the simplest substitution reactions.

I. INTRODUCTION

Modern development of experimental methods allows
the direct estimation of a number of microscopic
features of the elementary chemical reactions. The
greatest amount of information is available for gas
phase substitution reactions which can be written in
the form

Ri+Re-Rs—Rr—Ra+-Rs. (D

Here the fragment R, (k=1, 2, 3) can be an atom,
radical, or ion. The dashes denote chemical bonds.

The experimental results obtained!™ [in particular, a
distinct angular anisotropy of a number of effective
cross sections and the concentration of the energy,
released in the course of reactions, at the inner (vibra-
tional and rotational as well as electronic) degrees of
freedom ] essentially contradict the well known theory
of absolute reaction rates,® which fairly recently was
considered universal. On account of the inadequacy
of this theory for the class of simplest reactions which
came to be called direct reactions, attempts were made
to carry out a complete dynamic calculation of cross
sections. The most complete calculation was performed
within the framework of the three-particle problem of
classical mechanics using effective interaction poten-
tials. The most advanced studies in this direction have
been carried out by Karplus and co-workers.® Later on
they performed the quantum-mechanical calculations
as well, which were based on the DWBA method.”
Similar calculations can also be found in some other
papers.® ! In all the papers cited a chemical reaction
was treated as the motion of point particles along a
given energy surface,

It was shown in the work of Brodsky, Levich, and
Tolmachev? that a purely classical calculation of
reaction cross sections is insufficient and that complex
many-particle quantum effects always play an impor-
tant role. So far only the very first steps have been
made in the development of an adequate quantum-
mechanical description of chemical reactions. Some
attempts to solve this problem without resorting to the
simplified model of a single potential surface were
made, in particular, in Refs. 12 and 13.

This paper is concerned with further treatment of
different aspects of the problem stated and especially
with finding an adequate theoretical model. We have
restricted ourselves to consideration of direct reactions
only and assume that no resonances or steady states of
the type Ri~Ry-R; are formed.

In describing a chemical reaction, it is necessary first
of all to take into account the smallness of the electron
mass/atomic mass ratio and exploit the possibility of the
WKB description of atomic-molecular elastic scat-
tering. For this purpose we use a general approach,
similar to some extent to that employed in nuclear
reactions theory.!* The applicability of this approach
to the problem under consideration has been con-
sidered in our works.®® The calculation is performed in
the center-of-mass system with use of the partial wave
expansions, which enables us to take explicitly into
account the angular momentum conservation law,
We think that in earlier calculations, the law of con-
servation of angular momentum was not properly taken
into account. At the same time, owing to the multi-
plicity of the approximations used, the violations of
invariance with respect to the Galilean group, even if
small, can lead to large errors in the final expressions.

In Sec. II the statement of the problem within the
framework of the chosen model is considered. Section
I1I gives the general properties of the expression for the
reaction cross section. In Sec. IV a calculation for
model potentials is carried out. Sections V and VI treat
and compare with experiment the basic qualitative and
the simplest quantitative consequences of the formulas
deduced earlier. In the Conclusions the physical
justification of the chosen model and the results ob-
tained are discussed.

II. EXPRESSION FOR THE DIFFERENTIAL
REACTION CROSS SECTION

First of all, in the chosen model the real complex
quantum system consisting of nuclei and electrons is
substituted by a much simpler system composed only
of three particles 1, 2, 3 with coordinates 1y, 13, r; and
masses my, Mg, mz. At the same time, it is assumed,
however, that the system under consideration can be in
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two kinds of states, and accordingly the complete
wavefunction can be represented as a sum of two wave-
functions ¥, (1, Iy, r3) and Wo(ry, Iy, 13). The wavefunc-
tions ¥; and ¥, differ in that the former at large
distances shows nondissappearing asymptotes only in
the initial reaction channel (corresponding to the bound
states R;-Rs and to R, tending to infinity) and the
latter shows nondisappearing asymptotes only in the
final reaction channel (corresponding to the bound
states R—R, and to R; tending to infinity). Such an
introduction of two functions, accounts for the existence
of two different electronic states. Two potential energy
functions (to be characterized below) U;(ry, 1z, 13) and
Us(Ty, Ie, 13) are also introduced, which account for
the difference in the effective interaction between
particles in the cases when they form part of initial or
final molecules, respectively., Besides the potential
energy functions, in what follows the function
V(1y, 12, 13) will be introduced, which determines the
transition from one state to another, Let us introduce
two sets of Jacobi coordinates suitable for description
of the initial and final states, respectively (r; R.),
(rs, Ry), where :

ti= (11— 1s) [mums/ (ma-+ms) ]2,

Ri=[13— (marr+msrs) / (ma-+-ms) Joma(mrt-ms) /M ]2,
ty= (r,—11) [rmama/ (m1+-ms) V2,

R;= [ (mut1+mats) / (my-mg) — 13 |[ms(mi+my) /M ]H2;

(2)
M = my+mg+-ms.

Here R; is, within the accuracy of the scale factor, the
radius vector of particle 2 reckoned from the center of
mass of the bound state (1, 3) ; r;is, within the accuracy
of the scale factor, the relative distance between 1
and 3. The coordinates (Ry, ) have a similar meaning
with transposition of the indices 1, 2, 3. All further
treatment will be confined to the center-of-mass
system, In the variables in Eq. (2) the operator of the
total kinetic energy will be of the form

K= — ¥t (@/3R) — 2(3/or)
= —YR(ORY —HW@/0rs). ()

Each pair of the coordinates (ri, R:), (17, Ry) can be
expressed in terms of the other pair using the relations

R.=1; sinp+ Ry cosy,

r;=—1; cosnp+R; siny;

r;= (1/sing) (Ry—R; cosy),

1= (1/siny) (— R, cosn+R;);

R,;= (1/siny) (r; cosn+1y),
R,= (1/sing) (r:+1; cosn). (4)
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In (4) the angle » has been introduced, which lies
in the first quadrant and is determined by a kinematic
relation—the rotation from the coordinates (r;, R;) to
the coordinates (17, Ry):

tann= (Mmz/mems) V2, (5)

We shall take the potential energies Uy and U, as the
following sums:

Uy=U(ri)+Wi(R)), Us=Us(rr) +We(Ry). (6)

The potentials U,(r.), where a=1, f are chosen such as
to ensure formation of bound states. Everywhere,
where no special reservations are made, it is assumed
that U,(re)— at ro— o, Therefore, the bound state
spectrum will be strictly discrete. The potentials
Wa(R.), describing the elastic scattering in the initial
and final channels, respectively, are assumed to
approach zero quickly enough at R,— ),

Wo(Re)—0 at R,— (a=1,f). (N

The choice of (6) satisfies the necessary condition that
the potentials W, should not cause transitions from
channel to channel and makes it possible subsequently
to separate the angular variables fairly easily. It is
significant that U,(r.) and W,(R,) can be found from
independent measurements of bound states and elastic
scattering.

In the absence of interaction between the channels,

¥, =¥,(R;, 1)) at V=0,
V,=¥,;(R;, 1;)  at V=0, (8)

The functions ¥, being considered (a=1, f), which are
solutions of independent Schriodinger equations with
the potentials (6), can be written as

V=8 (Re) [¢na(Ta) /7a]Y tama(Ta). 9

Here Yiuma(T,) is the normalized spherical harmonic!®
of the angular variables characterizing the vector T,=
Yo/7a; ¢na(ra) are the real bound state functions
satisfying the equations

372{(8%/0ra") —Ua(lat1) /ra2 1}
- Ua (ra) +8na)¢na(ra) =0, ( 10)

The ¢n.(7,) functions are normalized to the 6 function
of r4:
Z Sonm('a) ‘Pna(ra,) = 5("0:_"1/) H

the summation sign includes summation over all inde-
pendent quantum numbers #,. The functions ®.(R.)
obey the equations

[372(8%/0Ra?) — Wa(Ra) +3ka* ]®a(Ra) =0.  (11)
The total energy of the system E is
E=%k24-8,,=3kP+8,,. (12)
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Later on we shall require the solutions of (11) cor-
responding to a definite value of the angular momentum
and its projections:

&1, %(Ra) = Ri st (Ra) Yiama(Ra).  (13)

Here the solutions x*(R,) of the radial equation ob-
tained from (11) are fixed by asymptotic conditions
used in the potential scattering theory’:

Xeat (Ra)~ (fi/ka)'* exp{ =il (ka/f) Ra—37(Lat-1) 1)
(14)

In particular, the wavefunction ®1.(R.), a=1, f, cor-
responding to the incident plane wave exp[ (i/%) KoRa ]
can be written, using the introduced symbols, as

B (Ra)= D> {2mile(Fi/ka) V2

LaMa

X (1/Ra) ¥V rante® () Viarra(Ra)
X [eXP(ZiaLa) XLa+(Ra) +XLa— (Ra) ] } )

where 01, is the scattering phase determined from the

at Ry—o,

(15)

1 Pny (r9)
SRy 11 Ry 1) =— = {
72 Losayiymens \ T1Ry
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regularity condition at R,=0 and is independent of
M,. The complete wavefunction ¥; of the channel ¢
corresponding (in the absence of interaction between
channels) to (a) the presence of an incident plane
wave exp[ (#/7) k;R.] with the relative motion momen-
tum kd{ M/Ms(m+m;) ]V and (b) to a definite bound
state r;, can be represented now as

Ui(Ry, 15) = B, (Ri) [on; (7:) /ri ]V 1omi (). (16)

When the interaction between the channels is intro-
duced in the channel f the wavefunction ¥; arises, which
is of the form

V3 (Ry, 17) = [@R/dri'Gs(Ry, 1r; R, 1)
X (I?\Ifl) (Ri,’ ri,); (17)

where Ri'ti/, Ryt are related by formulas (4), and
BRidrd=dBR;d*r;. In writing (17) we introduced,
firstly, Green’s function for the Schrodinger equation in
the final reaction channel corresponding to the final
kinetic energy of relative motion 1k2=FE—8§,, of the
form®17;

Vi1, (Re) Y iym, () {0(Rs— R/ ) [exp (26815) 2, (Rf')

+xz,7(Ry") Ixe,* (Ry) +0(R;'— Ry) [exp(2ide,) xr,t (Ry) +xz,”(Ry) Ix(Rf) }

¢n/(rf,)

XYL!Mf(ﬁf/) Yll”‘f(ff,) D ! } . (18)
77 Ry

The summation in (18) is made over all possible values of the angular momenta and their projections Ly, I;, My,
my and also over the quantum numbers #;. Secondly, in (17) the basic quantity—the transition operator V—has
been introduced, which can be expressed, at least in principle, in terms of interactions and Green’s functions by
means of an infinite series. In the heavy particle limit it should be expected that this operator can be approximately
reduced to the operator of multiplication by the function U (7, 7;):

(V) (Re, 1) 0 (74, 77) ¥:(Rs, 1)

Under sufficiently general assumptions, the function U (74, /) is of the form

V(ri, 17) = / dps f dor{V (pi, or) exp[— (piritosrs) I},
P Pfo

where V (pi, py) decreases with increasing p, (=1, f) rapidly enough so that

_/ dpi / dpsV (i, pr) < oo.
P10 (4]

Here the limits pso are determined by the electron binding energies &1, as follows:
Pa0% (l 8el,a | mel/ﬁM) 1I2,

ie., MY2/p,, is much larger than the characteristic dimensions of the problem. This conclusion follows from the
essentially quantum nature of electronic motion, allowing tunnel transitions to relatively large distances of the
order of 10 &, For simplicity, below we shall take

O (rs, 77) =00 exp[ — (pi(ri+ps77) 1. (19)
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Taking into account that ¥;(R;, ;) tends to zero at R, from (17) by means of (18) and (19) we obtain

7 \VZ 2 . . N . e (7 BRSEr
Wy(Ry, 77) =— (—) 2_1r exp(iksRy/H) X {’L_I’/YL,M,(Rf) Y im, (31) ony (75) / o
Ry~eo ki/ TRy LM igmy r R/7;

X C(exp(282,) x2,* (R ) +x (RY) VY 1t *(RY) Y im* (R )os(r/ YO (1, 1 YWA(RS 1) ]}- (20)
From Expression (20) we obtain the differential cross section of the reaction

o (8| Uy, ms, mp; ki, biy miy mi) = (ky/ks) (M /ma(mat-ms) 1 25 Pr(cosd)o (L; Iy, my, ny; ki, bi, mi, mi)
L

= (ks/ki) LM /ma(mitma) 1| T(0 | Ly, my, my; ks, Uiy ma, ma) 2. (21)

Starting from Formula (20) we have used the system of coordinates with the third axis directed along k. In view of
the fact that in the case under consideration the cross section depends only on the orbital angle 8, we can confine
ourselves to consideration of the case of the zero azimuthal angle:

R,=(6,0).
It follows from (20) and (21) that
T(0 | by, my, my; ki, by miy mi) = —x2 35 [(2LiA1/4m) V%LV 1) i, (8, 0) 1T (Ly, Iy, my, g5 ki, Li, biy miy mi)
LyL¢

o (L by, mp, mg; iy by miymi) =o® - 3. (LI C(Ly, Ly, L; 0,0)C(Ly, Ly, Ly mi—my, mi—my)

LyLiLs!Ls!
X[(2LiA+-1) (2L +1) (2L A+1) (2L +1) /4w QLA+1) 12 | T(Ly, by, my, my; ki, Liy by ma, mi) |2}, (22)
The expression for the quantity introduced T'(Ly, Iy, my, ny; ks, Li, L, mi, n;), in accordance with (20) and taking
into account (14), (15), (16), and (19) can be written as
20 &*Rid?rs
fi(kski)'* J RyRirsri
X (Yrymims*(Rp) Yism* (T1) @, (77) {Lexp(2081,) — U xz, (Ry) +Dxe,* (Ry) e, (Re) T}
Xexp[— (piri+psr) I [exp (2idr,) — 1 Ixect (Re) +Dxeit (R) +x27 (Re) T pms (73) Vio(Ri) Vi, (1)) (23)
The now superfluous primes on the variables 7., R, have been omitted.
In writing (22) and (23), we used the symbols C(L;, L/, L; m,m’) for the Klebsch—Gordon coefficients from
Ref. 16, the formulas for addition of spherical harmonics, and the expression Yz, (0, 0) = 8o, [ (2L:4-1) /4m 12,

We took into account at once the conservation of the total angular momentum projection. At the same time, the
parity conservation law follows directly from the form (23) for nonzero matrix elements (23):

T(Lys, Iy, mys, my; Ly by miy i) =

(_ l)LH‘l-‘—L/-—l]: 1.

In the particular case of the vanishing potentials W,(R.) =0 the above formulas are significantly simplified. In
this case,

6La = 6La0—=— 0,
XLa+(Ra) = XLu0+ (Ra) = (TR,,/Z) l/zsclm+1/2(]') (kaRa/ﬁ) ’
Xz~ (Ra) = x1"" (Ra) = (7Ra/2) 230 Lar1p® (KaRa/F) . (24)

Here 3Cray12%? are the Hankel functions, the half-sum of which is equal to Jpaq12(kaRe/%) . Substituting Expres-
sions (24) into Formulas (22) and (23), we have

T(0 |y, my, my; iy by miy 13) |wamo=T08 | Iy, my, mys; ki Liy ms, i)

KR on .
=—Up f d*Rid%r; [eXP (_i Jﬁ_f> ‘p’,ﬂ Vim,*(Ts) exp[— (peritpsy) ]
F2

xwﬁﬁﬁﬁﬂf”nmﬁﬂ.ua

i i
Here we have introduced the vector ky equal in modulus to k;=[(E—8&;)¢]"? with the direction (6, 0). We have
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also used the well known Rayleigh formula:

expli(kR/7%)]= X AniL Y par* (k) Vg (R) (Fi/ 2kR) V2T 1 o (RR /). (26)
M

We shall analyze Expression (23) in subsequent sections. Here we would like to say that some generalizations of
U., W, V would not present any fundamental difficulties. In particular, similar results are obtained if (a) we
choose the noncentral expressions for the functions U., Wa, V in the form of a finite sum of spherical harmonics of
the angles between r, and R,; (b) we include in the expressions for U,, W, and V such operators as, e.g., the
operators of differentiation with respect to the heavy particle coordinates or transposition operators; (c) we
increase the number of the discrete electronic states. We shall not, however, make such generalizations inasmuch
as we wish to obtain primarily the results that are slightly dependent on the detailed nature of interactions, It

should be emphasized that of the approximations used here, the most advanced (and requiring further analysis)
is the disregard for the continuous spectrum contribution of electronic states,

III. GENERAL ANALYSIS OF THE EXPRESSION FOR THE REACTION AMPLITUDE

First of all it is necessary to carry out in the expression for the reaction amplitude (23) that part of the integra-
tion over angles which can be done without concretization of the wavefunctions, For this purpose let us accomplish
under the integral (23) the rotation in such a way that the third axis should be directed along R;:. Simultaneously
let us perform by means of (4) the transition to symmetric variables R;, R;. Then we find

2'0 0 0 2% 1 2x 1
T(Ly, Iy, mg, ny; ks, L, i, m, "")=?{(Wo)m / RdR, / RidR; / do [ dcoss / do [ dcoss
v 0 0 0 (1]

-1 -1

X E {C(Lf; lf;]f; mi—my, mf)C(Lf7 lfyjf; 1) Mf—ﬂf)C(Ll'r li;]i; 0; m")
TiM Tt Myping

XC(Liy Uiy J i3 iy Mi— i) [0ni (1:) 0n, (77) /771 1 D0, (!, B, 0)
XDarpm”? (', B, 0) Vigu (B, @) Vigars—n* (71, &) Vg ptims (v3, @) Y1, (0, 0)
X[exp(24dr,) x1,t (Ry) +xr, (Ry) Jexp (2602 ) xzt (Ri) +xe~ (R T} (27)
In writing (27) we made use of the orthogonality condition for the Klebsch—Gordon coefficients
% C(J1, Jo, Ja; M1, m—ma) C( ja, fa, Js; ma’y W' —102") = b,y S (28)
and of the laws of addition and rotation of spherical harmonics with the use of the rotation matrices Day” (see

Ref. 16). The quantities 7., v. contained in (27) are expressed in terms of the integration variables R,, 8 by means
of the following relations:

ri= (1/siny) | Rye®*—R; cosy |, r¢=(1/sinn) | —Ry(cosn) e®+R: |,
exp (iy,-) =[(Ryse®®— R; cosn) / (Rye~"— R; cosn) ]2, exp () = [(—Ryse~* cosn+R:) / (— Rye® cosn+R;:) ]2,
(29)

The cuts on the complex plane 8 at the square roots in (2g) are chosen so that v, should change in the range O-r.
In particular, the following equalities are valid:

v:=0 at B=0 and R;>R.cosy;
yi=wat (I) B=0 and R;<R;cosy, (II) B=m;
vs=0at (I) B=0 and R;cosn<R; (II) B=n;
yr=m at B=0 and Ry cosn>R.. (30)
The cosine of the angle 5 between r; and 7, is defined by the equation:
cosb=cos(yi—vy). (31)
The angle § vanishes when the conditions 8=0 and R:> R, cosn> R; cos?y are both satisfied. Using the formula

27 1 41!’
-/0 da - d Cosﬂ{t"Dmlmll* (a) /3: 0) fsz‘ml’ (a: ﬂ; 0) } = '271':*__1 3l1l26m1mg
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and the expression for ¥1,(0, 0) mentioned, we obtain
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2L;4+1

2V, 82 (
T(L ; Bilidiming) = —

(Libymms mins) # sindy[ (kiks) V2] ,;%,‘ {2]—|—1
XC(LslyJ ; mi—mys, ms) C(LiliJ ; 0,

1 d cosB

X/ Rdef/ RldR‘L/
0 0 -

1 17y

1/2
)

mi) C(Lidi ; OM)C(LslyT 5 1, M—p)

{ YL,UI* (37 0) Yl/M—M* ('Yf, 0) Yl.'M('Yi, 0)

X n, (75) n; (r:) [exp (2461,) xr,t (Ry) +xz,” (Ry) ] expl— (piritps7r) ]

The expression (32) in which an explicit form of
total momentum and angular momentum conservation
laws are taken into account can be used as a basis for
approximate calculations of the reaction cross section.
In particular, we can substitute in this expression the
one-dimensional radial WKB wavefunctions, Let us
consider the problem of optimum choice of the wave-
functions mentioned in the r,, R, value range adding
the main contribution to the integrals (32). Using the
conventional method of analysis of the solutions of the
Schrédinger equation, we shall write the functions
@na(ra) as

Pu(ta) =Tlna(ra) exp[— (1/B)falra) ], a=1,f. (33)

Here f.(r.) is the real function turning to © at r,—o
and IL,.(7.) is the polynomial of 7,. Let 74 be a root
of the equation

dfe(ra) /dra=0. (34)
If the potentials U,(r,) have only one minimum, by the
choice of the polynomial I.(r.) we can attain the
uniqueness of the root (corresponding to the minimum
fa(ra)) of Eq. (34) at r,2>0. Further, if the potentials
Ua.(rs) are not singular, the function f,(r.) in the
vicinity of 7. can be expanded into a power series:

fa(ra) =fa('ra0) + (wa/z) (ra_ra0)2+ M) (35)

where
Wa= dﬁfa(ra) /dfa2 lfu::ra0> 0.

The first term fu(ra) of the series (35) is fixed by
normalization of the wavefunctions ¢..(r.) and the
rejected terms in the main region | o—7u0 | < (%/wq) Y2
in virtue of the Egs. (10) have a relative order:

(ra—720) [AUa(7w0) /dran ]
8a— Ua(rao)

~
~

( % )1/2 MU (ra) [dre
M We, 8a —-U, a (fuo)

Since dU(r,) /dra< (M)7V2, the series (35) at M—w»
and fixed energy &, converge rapidly. Thus it is possible

><[exp<2isL.->xL;+<Rz->+XL..-<R;>J}}. (32)

to restrict oneself to the terms of the series written in
(35). This procedure can be compared with the evalua-
tion of the integral in (32) by the saddle point method.
On the other hand, it corresponds to the conventional
description of diatomic molecules by means of either
the rigid oscillator functions, when II..(7,) is expressed
in terms of Hermite polynomials Hp,:

exp[—~77Y(7a0) Jne(76) = (wa/7) V4(2rona ) 112
XHna[ (f,,,—fao) (wa/ﬁ) 1I2] (36)
or by the spherical oscillator functions, when r,=0

and II,.(r,) are expressed in terms of Laguerre poly-
nomials £,,let/2:

exp[ =7 (7a0) Mna(ra)
= (wa/7H) ¥4 o T (lat10+2) T2

X[r2(wa/f) JectD2g, Jatti2(p 200 /H) . (3T)

The energy levels are expressed in terms of the quantum
numbers 7., k. in the cases of (36) and (37), respec-
tively, by means of the formulas

8u= Ua (raﬂ) +[ﬁ2la(la+ 1) /ra02]+ (na-i_%)ﬁwd)
8a= Ua(0)+ (2nta+lat3) Ficve.

It should be noted that (36) is applicable only at r,>0
and does not give the correct behavior of the wave-
functions at zero r,=0. This is consistent with the fact
that the asymptotes of the integrals (32) in the heavy
mass limit and finite /, should be considered at the
conditions

(36)
37

1Dl wa (38)
since 7.0« MY2, When the inverse inequalities are valid,
we obtain the best description by using the spherical
oscillator functions given by Expression (37).

Both examples of the wavefunctions ¢n.(7s) con-
sidered above are characterized by the fact (which will
be made use of later on) that they contain the factor
exp[[— (wa/2%) (ra—740)%] giving the localization of the
functions of the bound states in the region | fa—7.0 |<
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(B/wa)¥2. In further calculations significantly different
results are obtained when the wavefunctions ¢n.
decrease with increasing 7, so slowly that the transition
potential Up exp[— (pi#i+ps77) ] becomes the main
cutting-off factor under the integrals (32). A similar
behavior of the expressions for the cross sections is
also realized when f,(r.) in (35) proves to be a linear
function of r,, as is the case for Coulombic interaction.

The wavefunctions ¢n.(r.) decrease to zero as
r.'«t! in the case of nonsingular potentials U,(r,) and
more rapidly in the case of the potentials U,(7,) with a
repulsive core.”

Let us pass now to the choice of the functions
XL.E(R.). In calculating the integrals (32), one must
be especially careful because these functions do not
diminish at infinity. Violation of the correct behavior
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of these functions at infinity can lead to qualitatively
incorrect conclusions, To solve the problem arising
here, in the next section we shall consider two model
cases: (a) the case of the potentials W,(R,) being
equal to zero and (b) the case of hard sphere potential.
Each of these reflects certain features of real inter-
molecular interactions at different values of R,.

IV. DETERMINATION OF THE REACTION CROSS
SECTIONS FOR MODEL POTENTIALS

Let us consider the first model case of vanishing
potentials W,(R,) =0, i.e., when Eqs. (24) are valid.
The easiest way of performing calculations here
would be to use Formula (25). Let us go over by means
of Egs. (4) to the integration variables r;, ty. As the
result we have

190 | Uy, my, my; ki, biy mi, 1) = — (Vo/sin’y) [ &rid’ry {CXP[(i/ﬁ) (grrr—qari) ]

X

We have introduced the “transferred’’ momenta:

= (1/siny) (k;— k; cosy),

M Ylfmf*(ff) CXPE— (p«;f«;‘l‘ﬂﬂ'/)]

@ni (1)

7

I/'l.m. (rz)} (39)

gr=(1/sinn) (ki—k;s cos). (40)

Using the expansion (26) and performing integration over the angles, we obtain

Vo

T8 | Iy, my, s} sy by miy mg) = — 6=l 3
qigs siny

ylim.' (al) Ylfmf ( af)

© e 1/2 i 1/2
X /0 drs /; dri {(q; ) Ju412 <qﬁr )(q;;f> Ty (qﬁ )eXp[ (piritpsy) Jon, (n)«pn,(r,)} (41)

It is clear from (41) that the determination of the scattering matrix reduces to finding the Hankel transforms
©na(ga) [multiplied by exp(—para) ] of the radial wavefunctions of the bound states:

ulte)= [ ar {(q;i’“)mfz..m (%) puatra) exp(~ p.m}

® R oo\ | Pna(?e
=% RC/; dra {I:ralrl-l( x ) 5cla+1/2(l) (qﬁ )] ’ l¢+)

xp(— para)} (42)

o

The expression in square brackets is in the integral of the form

qara 1/2 qara 2 1/2 i—(la‘i'l)ﬁlnrf-l ,iqara
lotl (o)) =(Z
To ( 7 ) FCratase '}i - PR 7o €Xp 7

(latk)!

s (TY*
xzmkk,(l D +(Z)

(43)

Thus (42) is the integral of the product of three factors: the exponential exp(igar./%), a polynomial of 7., and the
regular function (74)~C«tVg,.(7a) exp(—para). Substituting into (42) the functions ¢n.(7s) in the form (33),
retaining only the written terms of the expansion (35), we obtain

Ona(ga) =% Re/ 7y {II,,,,(r,,) exp (

0

Bla_ O2 (0 )t —p..r,,)} (44)

i Zﬁ
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where II,..(r) is a certain new polynomial of #,. Expression (44) can be transformed to the form

[: 3 ﬁ (*] 2 . a .
¢na(ga) =3 Re exp [— (gatTip)? +1 (% +zpa) raO]

2wy
oot-(iga/Fwa) - ) a—ﬁ o M
X / dra inna (ra+ra0_ w—”) eXP (_ Eo— ra2)} (45)

—r oot (igalFw ) Wo 2%

and the integral is to be taken in the general case. In particular, at p,<<(w./% )2 we find, taking account of (36) and
(38), that for a rigid oscillator the following equation is valid:

Ona(ga) T2(F/Toa) Y4 20, 1) 12 g2 [Fiwa) *o? exp(— g2/ 2Fiwa) cOS[ (gatan/F) +3m (Ha—1a—1)]. (46)
For a spherical oscillator at p,<<{(w./%) "2 the following equation is valid:
Pna(ga) R (Fi/ mw0a) 14(ga?/ Fitsa) 1ot 280tV IT (Lt mat-§) 12 exp(—ga’/ 2iwsa) Lna' 2 (ga?/fiwa) - (47)

Expressions (46) and (47) have the following important properties that are not connected with the concrete choice
of the functions ¢n.(7.). First, both these expressions contain the factor exp(—gq.2/2#w.) responsible for rapid
decrease of pna(ga) at g>>fiw,. This factor is evidently related to the localization of the wavefunction of the bound
state ¢nq(7.). Second, Expression (47) contains the factor (gu2/#w,) «tD/2 responsible for the decrease of ¢na(ga)
at small g,. There is no such factor in (46) for the only reason that when calculating this expression we used the
inequalities (38). Evidently, the appearance of this factor is due to the general threshold behavior of the regular
wavefunctions ¢u.(7.), which follows directly from (42) with the help of the expansion of the Bessel function into a
power series. It is obvious from the above reasoning that the basic dependence ¢n.(gs) in the important range of
g« is given by the expressions

Ona(Ga) = Ao (qad/Fiwa) FotV12 exp(— o2/ 2Hit0) . (48)

The coefficient 4, in (48) includes the factors polynomially dependent on g, and also on the oscillating factors. In
the heavy mass limit, the former can be considered to be approximately constant, and the latter to oscillate fast and
ultimately give a constant when the cross section—the square of the amplitude modulus—is averaged over a small
initial momenta range. Expression (48) has a right symmetry when ¢, is substituted by —gqa.

A result essentially different from (48) is obtained when the wavefunctions ¢,.(7,) decrease so slowly that
exp[— (p#ri+psrs) ] becomes the main cutting factor in the integral (42). A similar result is obtained when fo(7.)
in (38) is linear with respect to 7,, as is the case in Coulombic interaction. Substituting in such cases the wave-
functions ¢,.(r,) in (42) by their threshold expressions, we obtain

* ara 1/2 al a
ﬂ"na(%)w / dra {rala+l (qﬁ ) Jla+l/2 <q_r> eXp(_pafa)}
0 #
= 21a+3/27r—112[(la+2) !ﬁpaqalrl-l/ (ﬁ2pa2+qa2) la+2:|, (49)

i.e., here ¢,.(g.) not only does not decrease but, on the contrary, increases with rising , at small (but larger than
Pa) a.

The reaction cross section is expressed in terms of the functions ¢n.(g«) examined above. By averaging over the
initial momentum projections m; and by summation over the final momentum projections m;, from (21) and
(41) we obtain
00 | by, mp; iy biy i) = (2it-1)71 30 0 (0] g, my, g ks, by miy ma) = (162%) 7 (k70 Rigi®qs?)

mims

XM /ma(mmytma) sinn L (20+1)/ (2i+1) 17 | oni(g:) en,(g7) 2. (50)

Z Ylamm*(au) Ylama(aa) = (2la+1)/47|'.

Here we have used Eq. (16):

For localized bound states the cross section ¢? is maximum in the direction 6= 6,,"=0 when according to (48)
and (40)
0*(6=0) « exp{ — (sin%y) ~'[ (ky— ki cosn)2/Fiwi+ (ki— ks cosn)2/Fiws ]} . (51)

At go<fiw, the cross section behaves as
o o (gi2/Tiwos) BHD2(q 2 Ficas) D12, (51)

Further analysis of Expression (50) we shall put off until the next section. Now we shall pass on to the consideration
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of the second model case of the hard sphere potentials when
Wao(Ra)=WEHC(R)=0 at Ri>Ruw
=w at R.<R.,
XLaT(Re) = X180 (Ra) = (TRa/2) 23 Las1/2” (kaRa/R) 8 (Ra— Res) ,
XLo(Ra) = X1 B0 (Ry) = (7Ra/2) V23C1a112® (kaRa /%) 6 Ra— Ran),

exp(200L.E-C-) = —3Cra112® (RaRao/ 1) [30Lar12® (RaRao/f) T (52)
Where H.C. denotes “hard core.” Substitution of (52) in (32) gives for the reaction amplitude the expression
Vo 8x2 (2L,~+1>1/2
H.C. ; ki, Liy Liy mg, mi) = — — C(Ly, by, J; me—my,
THC(Ly, by, my, ny; ks, i, i) Sn (ki) 2 {2]-1—1 ™ (Ls, &y 1, My)

X C(Ls, b4, T3 0, m:)C(Li, b, J3 0, MYC(Ly, by, T3y M—p) V1,46, 0)

1 0 0
X / d cosB Rde! RidRi[(rirf)—lyLm*(B; 0) Yl;,M—M*('Y/; 0) Yl.'M('Yi, O)S"n; (r!)ﬂona (7")]
-1

Ryo Rio

%er12® (ksRyo/R) xkfRf)m @ (kfRf> (kfRf>1/2 (kfRf)]
— kR | (BRAY
X [ <5(3L:+1/2‘” (ksRpo/F) +1 i K % + % e |

Hr, 412 (iR o/ T) kiR kiR kiR\2 kiR; ,
X [-— (5CL.~+1/2(1) ) +1)(—-ﬁ——> 3Cpi412P T) +2 —f-i-—-) Jriae T) . (52)

Substitution of the above expression in (22) gives the formula for the cross sections at all values of the parameters.
Let us analyze the results obtained in the heavy mass limit. For the elastic scattering amplitudes #2.%-C-(k,) con-
tained in (52) in the limiting case mentioned, in view of the properties of the Bessel functions, the following rela-
tions are valid:

O () = % [JCLa+1/2(2)(kaR¢o/fi) +1] _ =0 at L,>k.Ra/%:
La a) = T ~
2ika [ 3CLat1yz® (RaRao/H) = (#/2ka) { (— 1) Ee exp[—2i(kaRat/F) I—1} 2t La<kaRuo/f.
(53)
The vanishing of the amplitude in (53) at
ba=%La/ka> R (54)

has a simple physical interpretation: in the quasiclassical limit the rays corresponding to the impact parameters
ba, larger than radius R, do not deviate, It follows from (53) primarily that the functions

(RaRa/T) V230 Latajo® (BaRo/R)
contained in (52) can be substituted by their asymptotes at L. <k, Rao/%i:
(kaRet/T) V28 Lot (RaRoo/T) =2 (37) * exp (i{ (kaRa/F) — [ (Lat1)7/2]}). (55)

Further it follows from (52) and (53) that if the main contribution to the reaction (both in initial and final chan-
nels) is made by the quasiclassical trajectories corresponding to the impact parameters which are larger than the
corresponding hard sphere radii, we can simply assume Rqo= 0. In other words, we return in fact to the case W,=0,
considered at the beginning of this section. We can say that the main contribution is made by the trajectories
with definite impact parameters in view of the fact that for localized bound states ¢n.(rs) the integrals of the
form (52) are defined by the values of the integrands in the regions

=2 (sinn) ~'[ (740 cosn+770) 2 ]2,
Ry (sinm) ~'[ (rig+770 cosn) 2]V2, (56)

A different situation arises when in the initial or in the final channel, or in both, the impact parameters making
the main contribution to the integral (52) satisfy the reverse condition of (54):

ba=#La/Ea< Rao. (57)
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The inequality (57) is always valid at finite Ruo and % tending to infinity. Let us consider the case when (57) is
valid for initial and final channels. Here we can substitute for all Bessel functions contained in the expression for
TH-C- the asymptotes for the argument larger than the index:

(BaRo/)23CLa11/2"? (kaRa/H) 2 (37) /2 exp{ i (kaRa/F) — 3w (La+1) 1} (58)
Taking account of (53), (58), after substitution of (52) in (22), in the case under consideration we obtain
w20 (— 1) ¥k
TH‘C'(0 I lf, My, #r; ki, li, mi, m)ki Ls-— exp[— (’L/ﬁ) (kiRio+kfRf0):|
kiky sin’y
4w (2L+1
X Z {(_I)Lf w YL/.m;—m,(o, O)C(Lf: lf,J; mi—ms, Mf)C(Li, th: 0’ Mi)
LyLiJMp 2]+1

1 © 0 R
XC(Ly, by, T3, M—p)C(Li; 15, 750, M) [ d cosB / dR, f dRi[T’f—f 6(R2—Rif)0(R/—Rye?)
—1 0 0 itf

X ¥, (8, 0) Vi, m—u*(vs, 0) YViune (4, 0) exp[— (piritpsrs) ]
ki(Ri—Ra) k/(Rf—Rfo)]}
= sin = . (59)

In writing Eq. (59) we used the parity conservation law. For the sums over J and L; contained in (59) the fol-
lowing equality is valid®:

Z [(2L1+1)/(2]+1)C(I‘f} lf7J; mi—my, mf)C(Lf; liaj; O’ Mi)C(Lf, lf;J; K, M—'P')C(Li) li’]; 0) M)]

JL;

X@n: (7i) on, (r7) sin

= (_1)m,'+M Z [C(Jy li) Li; _My O)C(J7 li) Lt) — M, O)C(Lf7 lf) J: mi—ms, mf)C(Lf7 lf;]; Ky M_”)]

JL;

= Oprm, ? [C(Lf; lf)J; mi—my, mf)C(Lf) lf; J: Ky mi_ll):l

= 5Mm‘6n,m.'——mp
By means of this equality, from (59) we obtain in the heavy mass limit

o (_i kiRio+kfRfo)

THCy(—1) U~
(-1) .

> {(—1>LfYL,M,<e,0><zr>—l

. €
kikf sm3n LMy

27 1 © © R Ri
X / do / d cosB / dR; / dR; [ rfr O(R2—Ri?)0(RA—Rs?) Yiar,* (B, &) Yy, * (71, @)
0 —1 0 (] i7f

XY iim, ('Yi> a)ﬁam (ri)ﬁonf (rf) exp[— (Pifi"‘Pfff)] sin

272V, kiRi+kR o w0
=(_1)1/—z.-k_7"2°._exp(_i’R°—+fi’)/ dR,/ iR
0 0

ki(Ri—Ri) “n kf(Rf_RIO)]}
) 7
ik; sin3n ﬁ

ks (R;— Ryo) sin ki(Ri— Ri)
A %

R/R; .
X {# 8(Ri2— Ri2)0(R2— Ry?) sin

(60)

X Yl/m/* ('Yf, 7r) Yiom ('Yi; 7r) Pni (ri) Pnys (rf) eXP[_ (Pifi+Pﬂ'f) ]}

—r

In writing (60) we introduced summation over M, and integration with respect to , which compensate each other
since the integral with respect to « is equal to the Kronecker symbol 87, ,m;—m, multiplied by 2. Thus we are able to
use the equality from the spherical harmonics theory:

2 (=) EVru(8,0) Yiu*(B, @) = > Vim(0—m, w) Viur*(8, )
LM LM

=§[cos(8—m) —cosB o (n—m).
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This equality follows from the completeness of the set of spherical harmonics and their orthogonality and also
from the equation

(= 1)LV 1(6,0) =V (60—, 7).
The 6 functions contained in the integral (60) can be expressed with the help of Formulas (4) and (31) in terms
of the variables 7, and é:
8(R2—Rit) = 0(r2 cos?n~+ 275 cosy cosd+r2— Rif? sin’y),
8(RA— Ry?) = 0(r242ri7s cosn cosd+772 cos*n— Ry sin’n) ., (61)

The inequalities (57) are realized in the main integration range in (60) in the case of the wavefunctions of bound
states localized in the range of such values of ri~rig, rr=rs for which either separately, or simultaneously, the
following conditions are valid:

ri? costn+ 2rigrso cosd cosn+rsi? S Rig® sin?y,
732+ 27 o710 cOSO cosnt7se costy SRy siny. (62)

Hence it follows that under the condition of sufficiently rigid localization of bound states, the integral (60) assumes
a nonvanishing value only at & close to zero. According to Eqgs. (30) and (31), § can be equal to zero only at 3=0.
In the integral (60), 8 is equal to zero at =, Thus when (57) is valid, the reaction products scatter mainly in the
backward direction. The physical reason for this phenomenon is simple enough: at impact parameters less than the
hard sphere radius, the quasiclassical trajectories of elastic scattering are directed backwards.

For brevity, let us examine the form of the scattering amplitude (60) only for the optimum direction 8 =
Oopt?-C-=m. In this case,

w20y
kik;y sin’y

TH'G'(0= 1r) —_ (__ 1) ltmy—li—mi

exp[— (/) (k:Ris+ksRyp0) ]

ki(Ri—Ru)
#

© ® R:R .
X / dR; / dRi{ ! 0(R—Rii®) 8(R/A—Rye?) sin
0 0 | i ” 4] |

sin 2 o (| e on 17 expl= (o rlHor L1 DT}, (69)

where 7, and R, are now related by the formulas corresponding to =1
R;= (sing)~'(R;— R; cosy), Ri= (sinn)~1(r; cosn+1y),
rr= (sinn) " (Ri— Ry cosy), Ry= (sinn) X(r; cosn+r.). (64)

Let us take functions of the bound states in the forms (33) and (35) and transform in (63) to the integration
variables 7,. We shall also assume the reaction to occur at distances from the sphere boundary larger than the
scale of localization of the wavefunctions of bound states:

(fio COS11+ffo) —Rz‘0> (ﬁ/w,) ”2)
(riotrs0 cosn) — Ryo> (Fi/wy) 2, (65)

The conditions (65) are always valid in the limit #—0. When (65) is valid, the integration range in (63) is effec-
tively cut off by the functions of the bound states. Consequently, after changing the variables and using Egs. (33)
and (35), we can approximately equate

_2_7!'2_'00_ ( i(k-R~+kR))/°°d /wd

kiks sin“n exp 7 01 Ry Kz . 7i » 75

. {(noz-l—rfoz) cosn+rirr0(1-4-cos?y)
7’1o

TH.C. (9= ﬂ.) ~ ( — 1) Urtmp)—=(lit+me)

wi(ri—ry)? _wr (rr—150) 2)
2% 2%

. [k (rstricosy )] ) [k, (r.-+rf cosn )]
Xsin [ﬁ (——sinn Rio) | sin 7 iny —Rp )]t . (66)

exp[— (piriotpsrs0) Ji(ri0) (770} exp (—
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Here as before we assume #ip,2<w,. Equation (66) contains with different constant and phase factors the integrals
of the kind

13

wi(ri—ri)?  wr(r7—75)*
K ]} (67

© s , k i ki
f dr; f dry {exp [:I: 2 L (rirs cosn) & u — (rp+r; cosn) —
—0 —o0 simn ﬁ sy

These integrals, with the accuracy within constant and phase factors, are proportional to the quantities

exp{ — [ (kiztky cosn)?/ 2w, siny ]— [ (ks£k: cosn)?/2%iw; sinZy ]} . (68)

Retaining only the largest terms with the squares of differences in the index of the exponentials (68) we obtain

GHC- (9= 0,,H-O-=IT) xrexp[ — (ki— ks cosn)?/Fiwy sin?n— (ks—k; cosn)?/Fiw: sin’y . (69)
From comparison of (69) with (51), a very important fact follows, i.e., the basic functional dependence of the
reaction cross section in the optimum direction on the momentum moduli (i.e., kinetic energies) is the same for
both cases considered in this section.

It should be stressed in conclusion that the expressions for the cross sections of the form (69) are obtained when
the transferred momenta g, are not too small, in particular at ¢, > (#iw.) /2, When the inverse inequalities are valid,

we return to the threshold formulas (51’) for small values of V..

V. ANALYSIS OF THE EXPRESSIONS FOR THE
REACTION CROSS SECTION

From the consideration in previous sections, it is
possible to draw some conclusions regarding the basic
general properties of cross sections and show the
methods of their calculation, Let us first consider the
choice of the radial functions xr.*(R.) to be substituted
in (23) and (32). It is known that in intermolecular
interactions in most cases there exists an effective
repulsive core at the distances at which the overlapping
of electron shells starts. Accordingly, even at sufficiently
large momenta %, there are turning points determined
without taking into account the centrifugal barrier as
the solutions of the equation

Wa(Ra)+3ka2=0. (70)
These turning points Rao(k.), which can be called
effective radii of repulsive spheres, depend relatively
slightly on the energy %k, They should be introduced
as the lower integration limits with respect to R,
instead of the quantities Rao used in the case of the hard
sphere potentials. Here only the fraction of the con-
tribution of the tunnel region of radial motion that is
associated with the centrifugal barrier is retained. If
all possible arrangements of the equilibrium distances
are less than R.o(%.), the calculation should be of course
altered to take proper account of the essentially quan-
tum tunnel region R,<Ru(k.). However, in such a
case the reaction cross section becomes vanishingly
small, with the exception, possibly, of the hydrogen
isotope reactions and the reactions of atoms such as
positronium and g+ mesonium. By analogy with (55),

the wavefunctions in (22) can best be written as

X (R [

% 12
(k2—2W.(R,)) 1/2]

Xexp [;i (kaRa— 3 (7h) (Le1)

- /R i {[k.,,z—2Wa(Ra)]"2—ka}dRa)], Ra>Ra.

(71)

The choice of (71) corresponding to a special WKB
approximation is justified here because the coefficient
lr. o exp(248r.) —1 before xr.t(R,) for short range
potentials in a quasiclassical limit decreases fast (as in
Fraunhofer diffraction”+8) at the impact parameters b,
lesser than Reo(k). In the heavy mass limit another
combination of the functions xr.t(R,)+xr."(Re)
contained in (23) at R,> Ru(k) may be taken in the
form corresponding to the eikonal approximation,”
ie., in the form corresponding to the expansion in
spherical waves of the plane wave with a momentum
corrected for the influence of the potentials W,(R.):

ExLa+(Ra) +XL¢—(R¢!) ]= (2Ra/ﬂ') Uz
XTI pappe (ka2—2Wo(Ra) ) 2R./H] at  Ra>Rao(ka).
(72)
The choice of (72) can be justified by the fact that in
the heavy mass limit the functions xz.*(Ra) +xz." (Ra)
as well as Jpepp{[kd—2Wa(R.) JV2R,/%} oscillate
rapidly except in the vicinities of the stationary phase

points where the argument is equal to the index. The
left-hand side of (72) also has the necessary asymptotes
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both at R,— and in the quasiclassical region if the
argument is less than the index. By means of (71)
and (72) it is possible in the expressions for the cross
sections of Sec. III to carry out summation over the
angular momenta in the same way as it was done in the
model cases in the preceding section. We shall not
reproduce here the relevant, rather cumbersome,
although essentially simple, calculations. We shall only
point out that the cross section can be expressed only in
terms of the integrals over R, and 6, the dependence
on 6§ being defined by the behavior of the elastic scat-
tering amplitudes in the initial and final channels con-
tained in the integrands. These amplitudes are obtained
in the expressions for the cross sections after summation
(integration) over the angular momenta, At a given
functional form of the cross sections which can be taken
directly from experiment, these integrals are derived
using the stationary phase method. The only quantity
which requires the use of many-particle quantum-
mechanical calculations is V(7«0 770), which, however,
appears in the cross section only as the coefficient and
does not depend on the heavy particle mass and there-
fore is not important in many cases where it is sufficient
to use only relative probabilities.

Let us consider now the most important qualitative
properties of cross sections. Here, in accordance with
what has been said above, we can use the general results
of the preceding section, substituting the squares of
momenta k.2 by the quantity p.2=k.2—2W,:

Eo—rpa= (ka2—2W )12, (73)

Here W, is the value of W,(R,) at the “reaction point”
determined basically by the saddle point method in the
corresponding integral. In what follows we shall con-
sider W, as additional empirical parameters charac-
terizing the effective energy barriers.

As it follows from the results of Sec. IV, at the reac-
tion distances removed far enough from the repulsive
core of radius R, the reaction products will scatter
forward. On the other hand, at small reaction distances
backward scattering will take place. It is natural to
compare the former extreme situation to the so-called
stripping reactions, and the latter to the so-called
rebound reactions,! In order to consider further general
characteristics of the cross sections it is necessary to
take into account the energy conservation law, which
we shall write in the form

Q+iprte=3pite;  €=8n—Ua(rw). (74)
Here &,. is given by (36") or (37’) and Q includes the

change of electronic energy in the course of rearrange-
ment of the system in the reaction region as well as the
difference W;— W arising due to replacement of (73).
The latter quantity is the difference of the potential
barriers of elastic scattering for reagents and products.
Usually it is small compared to the total value of Q.
Now by means of (51) and (69) we can write the
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exponential factor in the expression for the cross section
at the optimum angle as

o(0= Oopt) €Xp (- (sinp)—!
X {L(ps cosn—py)?/Ficwi]

+L(pi—ps cosn)*/Fiwg]}).  (75)

Eliminating by means of (74) the final momentum p;,
from (75) at a fixed scattering angle of products and
reagents and at fixed states of internal motion, we can
obtain an expression for o(f=6,,) as a function of the
initial kinetic energy &= 3k:=3p:>+W . The expression
thus obtained has a characteristic maximum at a
certain energy &=§8.s, corresponding, according to
(75), to the minimum value of (p:cosn—gps)? and
(pi— py cosn)?. For stripping reactions the result ob-
tained can be formulated as the principle of minimum
transferred momenta . during the reaction® (see also
Ref. 20). In accordance with the principle of minimum
transferred momenta, the cross section ¢ of the reaction
under consideration at the fixed quantum numbers
l;, n; and I, n; has a maximum at the initial reaction
energy and at the reaction angle for which each of the
quantities assumes the minimum admissible value
complying with the energy conservation law (74).
This principle can be extended to the case of rebound
reactions if it is required that the momenta transferred
during the reaction should be minimum with respect to
the motion along the combined quasiclassical tra-
jectory of elastic scattering with certain optimum
impact parameters. This suggestion about the optimum
reaction trajectory being made up simply of two seg-
ments elastic scattering from in and out channel was
actually made in Ref. 1. It can be justified, of course,
only for the case of a reaction cross section much less
than that of elastic scattering.

Let us examine, taking account of (74), the quantity
figuring in the exponent in (75):

L(p: cosn—ps)/Fiwss ]H-[ (pi— py cosn)?/Fiuwy]
= {fi (wi o) [pi2(14-costn) — 2p:(cosn)
X (p=207:) 1= (2/8) Qs wi™'+ (cosn/wy) 1}
Ori=0+eg—e (76)

Let us calculate the derivative of (76) with respect to p..
We shall obtain an equation, solving which with respect
to p:%, we shall find the expressions for the resonance
energy &, i.e., the energy corresponding to the maxi-
mum effective cross section:

Tes — W@‘f‘% (Pt resz)
=W+ (1+cot?) Qs at Qr>0
=W+ (cot™y) | Qr:| at Qp:<0. (77)

Equations (77) show that the effective cross section
maximum is reached at the value of energy higher than
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the threshold value by the quantity (cot) | Qy:l.
This is a typical many-particle effect. After substitution
of pi res into (75), by means of (76) we obtain:

0'(0=00i>t) lm=zuna°: exp(—zQﬂ/ﬁwf) at in>0;
cexp(—2| Qi |/Fwi) at 0r<O0,
(78)

From (78) it is possible to draw some interesting con-
clusions regarding the ratio of initial and final quantum
states that would be optimum for the reaction, The
most favorable would be the values of the quantum
numbers corresponding to minimum | Qs |. In par-
ticular, in the case when the energy range nearest to the
reaction threshold is of interest, we can draw the
following conclusions:

(1) For an exothermic reaction (Q<0) the condi-
tions most favorable for the reaction are those when the
initial bound state is unexcited and the final bound
state is excited, so that two consecutive optimum values
of e—er(1,°PY), ¢ (n°P*+1)—satisfy the condition

& (n,°P%) <[ Q |Ser (1), (79)

(2) In the case of an endothermic reaction (Q>0)
the most favorable conditions are those when the final
bound state is excited, so that two consecutive optimum
values of €:: €;(n:°P), e:(n:°P+41) satisfy the condition

€i(n:°7) <Q<ei(nioP+1). (79)

So far we have ignored the restrictions of applica-
bility of the expressions for the cross sections of the
form (75) at g.2<fiw, due to the decrease of the cross
section at small ¢,2 mentioned in Sec. IV. In accordance
with (51’), in the range ¢.*<fiw, the reaction cross
section should decrease significantly the larger 7, is,
provided there are no long range forces at play, such as
those of Coulombic or charge-dipole attraction. The
threshold decrease of the cross section extends from
zero energies to those comparable with a vibration
quantum. These observations are of particular im-
portance in considering the values of I, that are opti-
mum for the occurrence of the reaction at other fixed
quantum numbers. As a result, along with the optimum
quantum numbers of vibrations #,., there arise the
optimum quantum numbers of angular momenta. /,. At
sufficiently large I, one should use the wave functions
and expressions for ¢, corresponding to the spherical
oscillator (37°). It should be pointed out that the
presence of optimum guantum numbers of vibrations
and rotations was revealed in investigation of reactions
in molecular beams.

The above considerations refer to the positions of the
cross section maxima treated as the functions of the
square root of the kinetic energy at given quantum
numbers of initial and final states. The half-widths of
these maxima T'y; at the point pi= pi 1es because of the
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uncertainty of atomic momenta, there being no ab-
solutely rigid initial and final bound states, and defined
by the value of the square root of the second derivative
of (76) with respect to p: at p:= pi s are equal to

Tyi=[fiwiws/ (witws) /2 sin’y, (80)

Thus the values of I'y; depend on the masses and the
corresponding kinetic energy ranges are less than the
vibration quantum value.

In conclusion, one more remark should be made. It
follows from the consideration of the equations for the
cross sections that in the case of rebound reactions the
molecules formed should be mostly polarized perpen-
dicular to the directon of the momentum.

VI. COMPARISON WITH EXPERIMENT

The general conclusions obtained above which follow
from the existence of specific many-particle quantum
effects may be compared with experiment in two ways.
The first way is to compare the conclusions of the
theory with the general regularities of more or less
monoenergetic (with respect to kinetic energy) experi-
ments, The second way is to compare the theory with
the results of usual thermal chemical measurements.

To widen, especially in the second case, the possi-
bilities of comparison with experiment, let us first con-
sider briefly the distinctions that may arise when R;
are not monatomic, but multiatomic fragments. First
of all, the kinematics will change: we shall have a
larger set of radius vectors connecting the heavy
particles, and a reasonable choice of “external” and
“internal’’ coordinates of the form R,, r, will require
further physical treatment. The simplest limiting case is
that when the mass of the multiatomic fragment R; can
be assumed to be infinite, i.e., m>>my, me and the
fragments R; and R remain simple. Then it would be
reasonable to choose the vectors R, as the distances
from the positions of the centers of mass of simpler
fragments Ry, R, to the position of the outer atom of R;,
participating in the bond formation. In this limiting
case we may retain the definition of the kinematic
angle 5 adopted above. Another important difference
arises in the multiatomic case owing to increase in
the number of the degrees of freedom, part of which can
be classical, i.e., corresponding to the almost continuous
change of admissible energy values. These latter degrees
of freedom include, e.g., vibrations along loose bonds.

In the experiments carried out so far, both mono-
energetic and thermal, there is always a set of rotation
states in the initial states which usually corresponds to a
certain equilibrium distribution. According to the
results obtained, the reaction cross section averaged
over rotations, at given values of the other quantum
numbers, should show a characteristic dependence on
kinetic energy (Fig. 1) with initial increase defined by
the half-width (80) and further relatively slow drop due
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to addition of consecutively decreasing contributions of
the rotation states. According to what has been said
above about the threshold behavior, the total width of
these over-all maxima should be less than a vibration
quantum, This behavior of the reaction cross sections
with a characteristic energy maximum was most
distinctly revealed in the treatment of reactions with
hot tritium atoms* and in ion and hydrogen atoms
beams

The results of the preceding section also illuminate
the basic facts known from the studies on the substitu-
tion reactions in molecular beams and summarized
in Ref. 1. In particular, an insight is gained into the
phenomenon of the preferential energy release as excita-
tions of the internal degrees of freedom, a process
which was observed also in usual exothermic reactions
as well as in ion-molecular reactions. For endothermic
reactions the reaction cross section at given total
energy, according to the results of Sec. V, should be
greater for reagents with excited internal degrees of
freedom. Thus the products of exothermic reactions
should enter into subsequent endothermic reactions
more quickly at the moment of their formation in the
excited state before the relaxation of the excitations of
internal degrees of freedom than the molecules with the
same kinetic energy at the equilibrium distribution
tail,

For a general comparison of the conclusions of the
theory with the results of the studies of “thermal”
reactions, it is necessary to perform a complete aver-
aging of cross sections over the equilibrium distribu-
tion. To the very first approximation, assuming
(T4:)2<kT and retaining in the total effective cross
section only the contributions of two most intensive
transition groups with the lowest energy value, by
means of (79), we can obtain an expression for the
reaction rate constant:

k(T)=Arexp(—Ei/kT)+ Az exp(—Eo/kT), (81)

%y

Fi16. 1. Scheme of the dependence of the reaction cross section
o (&;) on initial energy &; at different quantum numbers of angular
momentum ;. The solid line is the envelope of the sum of cross
sections with different I,. ‘
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Tasre I. Calculation of the activation energies of Form (84)
for hydrogen isotope reactions.

Activation energy

(kcal/mole)
Error
Reaction Experiment* Calculation (approx)
H-+pH. 8.8 9.1 39,
D+pD. 7.6 7.4 3%
D+H, 9.1 8.8 3%
H+D, 7.3 7.0 49,

a References 22-25.

where for an exothermic reaction,
Ey=Wi4 (| Q |—ns?*hwy) taniy,
Ey=W+[ (n**+1)iw;—| Q [1(1/sin?y), (82)
and for an endothermic reaction,
Ey= Wi+ (Q—n:oiw;) (1/sin?n) +n°4iw;,
Ey=W+[ (nort41)fico;i— Q] tanZy
+ (vt )i, (83)

In (82) and (83) we take the energy levels of a spherical
oscillator (37’). In a sufficiently narrow temperature
range expression, Eq. (81) can be approximately
reduced to the Arrhenius equation with an effective
activation energy FE,:

_ dlnk(T)
“ 7 d(1/kT)

ArEs exp(—Ei/RT) + AoE; exp(— Ey/kT)
A exp(—El/kT) +A4, exp( -‘Ez/kT)
= (1—\) B+ \E;, (84)
The parameter A (0<A<1), which depends but slightly
on 7, takes account of the details of the cross section

ratios for two transition groups. Thus, for an endo-
thermic reaction we have

1+ cos? A
Ihcoshy c0t2n) 7Pt — :Iﬁw
sin?y

siny
()\ 14 cos?y
siny

E,=W;:+ I:()\

cotin) 0+0. (89
and for an exothermic reaction,

1 2 A
E;=W:+ [(A ————+ gl —cot“’n) nyOPto- — ] fioy
sin®y sin?y
14-cos?
- ()\—2—" —COtz’ﬂ) [Q]. (86)
It would be of interest to compare the above equations
with the data of the measurements (accurate to
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Tasre II. Comparison with experiment?® of the calculated
activation energies for H+X, at W;=1.38 kcal/mole and A=0.

Activation energy (kcal)

Thermal effect Experiment  Calculated
Reaction (kcal/mole) (mean value) value
H+TF. —98 2.4 1.74
H+Cl —44 1.8 42
H+Br, —42 0.9 1.38
H+]J. -35 0.9 1.35

59%)®% of the activation energies of the hydrogen
isotopes reactions, listed in Table I. Using the least
squares method and taking into account the measured
values of the vibration quanta, we obtain the optimum
parameter values: W;=W,;=3.2 kcal/mole and A=0.35.
Even if this calculation for hydrogen reactions is rather
conditional, it is significant that the general isotopic
behavior of the activation energy, hardly explainable
within the framework of conventional concepts, proves
to be correct. Evidently, this behavior should change
with increasing temperature, only when an approximate
account of the contribution of two channels no longer
suffices. We think that this fact accounts for the results
of the measurements at more elevated temperatures.?
It should be emphasized that the main contribution to
the activation energy in the model under consideration
is made by the effect of the many-particle quantum
nature of the phenomenon itself, rather than by the
repulsion related to the potentials W,, as is the case in
the classical reaction models. Recent experiments on
the substitution reactions with a light hydrogen isotope
ut mesonium¥ showed an isotopic decrease of the
activation energy which agrees with the deduced equa-
tions.

It is interesting to note that Eqs. (85) and (86)
explain the empirical Polanyi rule for the activation
energies and also the observed deviations from it for
the reactions with participation of the lightest frag-
ments of the homological series. According to this
rule, the activation energy for the homological series
reactions varies as a linear function of the thermal effect
with a positive coefficient of proportionality. Some
examples of the Polanyi rule and of the deviations from
it for thelightest fragments were theoretically calculated
in Ref. 12 using the given scheme.

Further, it follows from Egs. (85) and (86) that for
large masses of the fragment transferred m >ms, m; we
must have the Polanyi coefficient which will be a small
negative quantity for exothermic reactions and a quan-
tity somewhat larger than unity for endothermic
reactions, It proves that such general behavior of the
activation energies is actually observed in the case of
H+4X, reactions, where X is the halogen atom (see
Table II).
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Special consideration should be given to reactions
between ions as well as between ions and dipole mole-
cules (in the initial state for exothermic and in the final
state for endothermic reactions) and also for other
reactions with slowly diminishing potentials U,(7.).
Since in this case the formulas of the form (49) are
valid and, accordingly, the threshold limitations men-
tioned in Sec. V are removed, the optimum kinetic
energy values in the sense of 6 “slip down” to the
energy threshold. As the result, the activation energy
should decrease substantially and approach W..

VII. CONCLUSIONS

In this paper, equations are proposed for calculation
of the cross sections of the simplest substitution reac-
tions, based on information on elastic scattering and
bound states. The approximation used may be justified
within the framework of the general quantum-mechani-
cal theory of scattering.*'® At the same time it is a
generalization of 'a two-level approximation, which
has long been used for description of atom-atom col-
lisions.?® We have introduced the effective potentials
Wa(R,), O(ri, ;) for description of elastic scattering
and transition between the channels, respectively. The
specificity of the problem being considered lies in the
fact that here the appearance of the above-mentioned
potentials is due to the presence of electrons, Owing to
the smallness of the ratio of the electron mass to atomic
masses, these potentials can be roughly considered to be
local and energy independent. In calculations of the
reaction cross sections a special multidimensional WKB
approximation was developed taking into account the
elastic scattering and transition between the channels.
For simplicity, certain additional assumptions regarding
the form of effective potentials were made. However, as
is clear from the consideration of the method of transi-
tion to the heavy mass limit in Secs. III-V, the main
results obtained should depend slightly on these
assumptions.

In terms of the approach used it is possible to give
a natural explanation of the basic qualitative peculi-
arities of the energetic and angular dependences of the
cross sections of the simplest substitution reactions, in-
cluding the correlation between the cross section,
angular distribution and reaction type. Some of the
results mentioned have been obtained by a different
approach in previous publications.?

The peculiarities mentioned at the end of Sec. VI
arise in reactions involving jons and also in reactions
with long-range interaction forces in ionic molecules,
where the activation energy is much lower. In view of
these facts, we think that it would be reasonable to
divide the reactions which do not involve formation of
collision complexes into our extreme classes rather than
into two: (1) involving formation of polar bonds such
as ionic (including the reactions of the so called harpoon
type,! (2) stripping reactions proper, (3) rebound
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TasLE IT1. Classification of direct substitution reactions.

Preferential scattering
of products

Optimum energy distribution
according to degrees of freedom  Contribution of
many-particle

Kinetic energy quantum effects

Internal of translational  to activation
Reaction type Forward Backward degrees motion energy
1. With contribution of + + —
ionic bonds '
2. Stripping reactions + + +
3. Rebound reactions + + +
4. Tunnel reactions + + —

reactions proper, and an additional class, (4) tunnel
reactions. In the last-mentioned type of reactions we
have an optimum situation when the maximum energy
accumulates on translational degrees of freedom. Each
of the reaction classes mentioned is characterized in a
special manner, apart from direction, by the peculi-
arities of the optimum distribution according to the
degree of freedom of the energy released (consumed)
during the reaction (see Table IIT). Along with these
extreme types, there can also occur, of course, inter-
mediate cases, where the influence and concrete form
of the potentials W, should be dealt with in more detail,

By means of the expressions for the cross sections
obtained, a statistical averaging was carried out to the
first approximation, involving calculation of the general
form of the rate constants of chemical reactions. It is
very promising that these procedures enabled us to
explain in a natural way a number of experimentally
found relations such as the Polanyi rule and, particu-
larly, the deviations from it,
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