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T}xe concentration variation of the temperature of the
maxima shown in Fig, 3 for potassium chloride may be
explained by a relative increase in the number of associated
spegies with increase in the electrolyte concentration, A
similar explanation may be given for the descending branch
o; tr.xe curve for MgCl, and CaCl,, assuming that on asso-
ciation species such as MgCl* and CaCl* are mainly formed
here., The subsequent increase in the temperature of the
maxima with increase in concentration for MgCl, and CacCl,
may be ascribed to the formation on association of more
co::nplex species which require a relatively smaller number
of ions with high mobilities (for example, the formation of
species of the type of MgCl;).

The shape of the curve for CdSO, can be explained,
similarly as that of the right-hand branch of the curve for
MgCl, and CaCl,, by fact that initially CdSO, species are
formed, followed by [Cd(SO,),[".

The authors thank Professor S, V. Gorbachev for his
interest in the present work.

SUMMARY

1. Data have been obtained on the specific conductances of
aqueous MgCl,, CaCl,, and SrCl, solutions at concentra-
tions 0.05, 0.1, 0,25, 0,5, and 1 m and for 0.05 m BaCl,
solution between 25° and 300°,

2. An equation of the type « = Ackexp[-B(TM -T)?/T] can be
used for approximate calculations and interpolations for
the salts investigated in the above temperature and con-
centration ranges,

3. Evidence is adduced in support of the hypothesis that the
degree of dissociation of an electrolyte decreases with
temperature,
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each adsorbed ion separately.

THEORY OF THE ELECTRICAL DOUBLE
LAYER IN CONCENTRATED SOLUTIONS.
1. THE DIELECTRIC-SOLUTION INTER-

FACE

V.S.Krylov and V.G.Levich

Hitherto in setting up a theory of the electrical double
layer at various interfaces, allowing for the discrete struc~-
ture of the charge of specifically adsorbed ionic layers, it
was assumed that the bulk concentrations of the electrolyte
are either extremely high, when the fall in potential in the
diffuse part of the double layer can be neglected, or very
small, when the distribution of potential in the diffuse part
may be described by a linearised Poisson-Boltzmann equa-
tion. Since in practice intermediate concentrations (of the
order of 0.01-1 N) are encountered, it is of considerable
interest to consider the diffuse part of the double layer with
allowance for the effect of short-range interaction between
ions at concentrations exceeding by several powers of ten
those for which the Gouy-Stern theory is applicable. In
the present work an attempt is made to do this for a dielec-
tric-solution interface (a metal-solution interface will be
examined in the next paper).

We shall find the distribution of potential y/(r) in the
usual model of the double layer: region I (x < -B) is the
dielectric; region II (-8 « x <) is the dense part of the
double layer; region III (x > ¥) is the diffuse part of the
double layer; the plane x =0 contains the centres of the
specifically adsorbed ions having the same charge z,. We

- shall solve the problem with the simplifying assumption

that the space-charge density p(r) in region IIl may be re-
presented as the sum of the densities pmn(r) induced by
With this approximation

¥ (r) = 2 ) (7),

where the potential Y(™")r) satisfies the system of equa-
tions ’ o

AU™ () = 03 AH™ (1) = — T8 (1) 8 (4 — Yon) 8 (2 — 2
A wgmn) (r) =— g‘; ptmn) (x), (1)

with the boundary conditions

(nn)

[90™ (— o0, 4, 2) | < 005 Hi™ (—Bugs2) = V& (— By 112 2);

& {mn) {mn) mn, mn] '
Dl%'r(—- B 9r2) = Dy (—B2); ™ (1r2) = 9™ (1, 4, 2);

(mn)

apmm (mn)
D, -‘%;,— oy 2) = Da"—"’;;— @5 2 W (o pp2)=0.  (2)

The subscripts 1, 2, 3 signify that the given quantity refers

to regions I, II, and III respectively.

Using the symmetry of the problem [Eqns. (1) and (2)]
with respect to rotation about an axis passing through an

a
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adsorbed ion perpendicular to the x = 0 plane as well as
the boundary conditions at infinity, we find the solution in
the form

W (1) = S Ay (M) %70 (MRmn) AdA,

]

W 1) = [ { 41 (4% 4 By (0 6%+ 5% 634 |y (AR Atk (3D)

[

(3a)

PO (k)

T €™ (\Rumn) AdkzdA,

(3c)

W= 55 |
0 —oo
where J,(ARum) is a zero-order Bessel function of the first
kind, RZ,, = O - ymn)? + (2 = 2mn)?, P" (kx,2) is the Fou-
rier component of the charge density, and A4,(A), 4,(A), and
B,(A) are arbitrary functions. Below we shall derive the
relation

g %’%ﬂ etk = nDyAg (M) {a@ (M) exp [— 1 (M) x] —

—00

—b(AM)exp[—&h(Mx1},  (4)

where a(A), 5(\), £,(A), and £,(A) are known functions, and
A,(7) is an arbitrary function, the boundary conditions (2)
permitting A,, A,, B,, and A, to be expressed in terms of
a, b, £, and &,:

Ay = net™ (1 — 0,) (e — @) (0,05 — €)1, (5)
(6)
"

®)

Az = 104 (0 — 698) (0,0, — e208)71,
B, = nu, (0, — ePY) (0,005 — e238)71,
Az = (1 — @) (e — ) (0,05 — eﬂlb)-l (a2 — pe-v(rtE]1,
where

b=pmi = — e m1=ﬂ-D:ID:;

@ (Daks — DsA) €xp [ (b — £1)] — b (Dyly — Dy exp [ (h
a(Doks + Didyexp [y (A — En)] — & (ngul-i' D:k) :;g [(: ((L - g:;} - 0

We shall seek the functions a(A), b(), £,(0), and £,() by
expanding the correlation functions, describing the statisti-
cal distribution of ions in the diffuse parts of the double
layer, in power series in terms of parameters whose phys-
ical significance will be elucidated below. The main prin-
ciples of this method were first laid down by Kirkwood et.
al.»?, but they used the ionic charge as the series expan-
sion parameter, which made the correctness of the method
doubtful and did not permit an assessment of its applicabil -
ity.

Let region III occupy a volume V and contain N ions be-
longing to classes @;, a,, ..., am. We shall describe the
statistical properties of these ions by the set of correla-
tion functions Fal...as(rl, ...rg) related to Gibbs' distribu-
tion in the following way:

Wy =

VO exp {— Uy (1. 1p) KT drg . dry
joxp{— Uy (rie v ) 1 KTY dry., dry

Fn....us (rll"' l's) = ’
where UN(r,,...ry) is the potential energy of all the ions.
For the purposes of our problem, it is sufficient to know
the unary functions Fg(r), since the latter are related to
the space charge density: if cq is the bulk concentration of
ions of type a, then p(r) =¢ ZcazaFa (r). We shall write

the potential energy in the following form:

UN (Frpere ty) = 2 { Dlay (i) + O, (v, 1)} + D {UY (10 -+ UL (1)),
i<k {

where the first sum represents the potential energy of inter-
ionic interaction, and the second the energy of ions in the

external field; thesuperscript s denotes short-range intér-
actions and the superscript e electrostatic interactions. Let
us consider the electrostatic energy of an arbitrary ion
of class a, with charge z, located in the vicinity of point r,,
and let us denote this energy by ez,;¢,: :

(€ e’ N 3y
eng = Uq, (n) + E‘E’m :

The quantity ¢, represents the electrostatic potential at
point r, due to the external field andall the ions in region III
with the exception of the ion under consideration. We shall
show how this quantity is related to the external field and
the average bulk concentration of the electrolyte c. We
shall denote by 7, the mean effective radius of interionic
short-range interaction, by # = ¢~V/3 the mean distance be-
tween the ions, and we shall assume that the parameter
€, = (r, /7P is small, We shall further assume that short-
-range interaction between ions can be described with ade-
quate accuracy in terms of the rigid sphere model, i.e.

oo Il'x'—l'||<rm
0 |"1‘—"||>’ﬂ-

O (ry,r,) ={ (10)

Then, as shown by approximate calculation (see, for ex-
ample, Ref.3), when the conditions

gy == —m—él’,:"l cz{indro? Tkrl'" ‘r’

hold in the bulk of the solution, where the unary functions
may be regarded as equal to unity, the probability of finding
an ion with charge 2z, at a distance 7 from the nearest ion
with an opposite charge z, is a maximum when 7 ~ ¢~V3,
This means that with the assumptions made above the elec-
trostatic energy of any ion in the bulk of the solution may be
estimated by means of the relation :

' ey
| 62191 |==_n>v < %‘J‘ cl/‘“-

The external field has a significant influence on the
electrostatic energy of the ions located near the planex =y,
and if the potential Y, (y,y,2) changes little in this plane,
retaining its order of magnitude, then

121y feymy ~ | ezi3hs (1) [+

where ¥, (v) is the mean potential of the plane x =y. If we
introduce into the problem a third small parameter € =

= |ez,¥,(v)|/kT, then the following condition will hold over
the entire region II:

|21
Tl<l.

For aqueous uni-unjvalent electrolyte solutions at
T = 300°K and 7, = 4.2 A, the parameters ¢, and €, have the
following values: €, = 0,04c’ and ¢, = 0,6c’ /3, where
¢’ =10%c/N, is the molar concentration and N, the Avo-
gadro number. It should be noted that the Bogolyubov para-
meter4, in terms of which the first-approximation linear-
ised Poisson-Boltzmann eguatlon is obtained, is in this case
given by €, =x3¢=! = 54 ¢’ ¥2, {.e. in order that it be small
it is necessary that the order of magnitude of the concen-
tration should not exceed 10™* M. Starting with the above
estimates of the parameters and assuming that €, ~ ¢, > ¢,,
we shall solve the problem with an accuracy determined by
retention of terms in €, and €, of the first order of small-
ness and terms in €, of the zero order of smallness. Ex-
panding the unary function in series in powers of ez,¢,/kT,
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neglecting short-range interaction between the external
field and the ions in solution (with the condition Y7, > 0)
and assuming that the electrolyte is binary and symmetri-
cal, we obtain as the initial approximation

Fo()=1—23HW, (11)
where the function H(r) satisfies the equation
Mum+ & § 6lr—rpHE)@r} =0, (12)
x>y
where
G(lr—r) =P (_cp(-)r“_, _.lr' DAT) - D kT Z ok,

In the derivation of Eqn. (12) it was assumed that the
nature of short-range interaction between ions in solution
is independent of their type and that the correlation be-
tween two ions in region III, one of which has lost its
charge, may be described by a binary function w1th ‘super -
position” approximation:

Fay (tyy05) = Fy (vy) Fy (ry) FQ ] r—r )

where the function F©(|r, -r,|) describes the correlation of
ions in the bulk of the solution, due solely to their short-
-range interaction. From Eqn. (11), it follows that
P =— 2 (). (13)
The linearity of Eqn. (12) makes it possible to represent
the charge density induced in region III as the sum of den-

sities induced by each of the adsorbed charges separately,
as has been done from the very beginning,

We shall now denote by H”(r) the function related to
p™")(r) by Eqn. (13). This function must satisfy Eqn. (12),
tending to zero when |r|— « and when 2z, — 0, and alsomust
satisfy the condition of electroneutrality of the double layer.
We shall now obtain a mathematical expression for this last
condition. If the average surface density of the adsorbed
charges in the plane x =0 is given by

a=ez01|m7“ dydz}J 8 (Y — Ymn) & (2 — Zmn),

the condition of electroneutrality of the double layer can be
written as follows:

-]
> lim %&\ dydz 3, \ Hom) (r) da.
- ¥

Since H"™(r) = H"™)(x R,,,), the Fourier integral of
this function can be represented in the following form:

Hew) (r) = S H (z, M) Jo (MRy.n) AdA.
]

Using the definition of the density o, it can be readily shown
that the following relation holds for any function Q(x, A)
(see, for example, Refs.5 and 6):

Jim < SS dydz 3, § Q (@A) Jo (M) AdA = 2“’Q(x, 0. (14)

mn g
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Using Eqn. (14), we now obtain the following expression for
the electroneutrality condition:

ez,
Bod *

S H(z,0)dz = (15)

The functions H") (») will be sought on the assumption that
short-range interaction between ions is described by

Eqn. (10). In order to solve Eqn. (12), we shall additionally
define the functions H"'(r) over the entire space, putting
them in the form

H(mn) (l') — H(mn) (l') + H(mn) (l') .

Hi(,mm(r) =0 when x < v, and when x = v the function satis-
fies the same condition as does H‘m”’(r) HY™ (r) = 0 when
x > 0 and tends to zero quite rapidly when x — -« [in view
of Eqn. (13), the physical significance of H™"(r) = 0 in the
range 0 < xy is that there are no charges in this range].
Eqgn. (12) then assumes the form

A{HE™ @) + BE™ (1) + aleir—rhur ) dr} =0

with integration over the entire space, and can be readily
solved by means of Fourier transforms:

HE™ (r) = S H, (2, ) Jo (MR) AdA, (16)

. 0

where ® .
Hy(e) =g | “Hpressg —dbe (o0 <o <ol (A7)
h,.(k)=2nSJ.,(m)RdR S HY™ (2, R) oxp (iksa) d. (18)

—c0

Since H{"™(r) decreases fairly rapidly when x — -,
then in the lower half-plane of the complex variable kx the
function %, (k) has no poles and uniformly tends to zero when

kg |— o, According to Jordan's lemma, integral (17) is
proportional to the sum of the residues of the integrand at
the point kx; (j =1,2,3...), which represent zeros of the
denominator, located in the lower half-plane, Using the
condition H{"™(r) = 0 when x < y and introducing the nota-
tion

¥y = irgkss;
6= Tty + 402 3 E i VkTFﬁ*)]
we obtain
Jaem(-ua)={g"" (ST 09
where y; =5 (A, %,7,) are the roots of the equation
y* — (Aro)? — (xri)* cosh V FF—(Aro)* = 0 (20a)

located in the right half-plane. We shall leave in the sum
(19) only two terms, containing y, and y, with the minimum
real components (for given A, X, and »,). This approxima-
tion, which is fairly satisfactory for x > %, (Re 3 - Re y,)!
makes it possible to find the retation between the coefficients
C, and C,. Denoting by C,’and C{*’ the values of these
coefficxents at A = 0, we obtain the approxxmate equality

Hp (&, O)zZC§°’exp( y;“’%) (r<Sa o) (19*)
j=1
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where y{° are the roots of the equation
(20b)

located in the right half-plane and having the minimum real
components (for given X and 7,). These roots were found
by Stillinger and Kirkwood2. On the other hand, according
to Eqn. (17),

yr— (iro)’ coshy =0,

e 0=~ |
A direct check readily shows that the last expression is
a solution of the equation

[J

;d:ﬂHp(z, 0) + Ha(z, 0)} = "T'S

Y

Kk, (k,) exp (— ik,z)
= et dk,
k2 4 %3 cos (kyro)

r<z<< o)

8 (x—2'+4ro)+ 8 (¢ — z'— ro)} Hy (', 0) dz’,

(21)
On carrying out the integration on the right-hand side of
Eqn. (21), we obtain the following condition for Hp(x,0):

SE, (2,0 "
2@ 0) Iw = 2 Hy (@1 0) focypr, 22)
which together with Eqn. (15) defines C{*’ and C{:
2es® 9 oxp [y + (1770 1) '
o) o 1 Y8 ) 1 9238,
G = Do, W expy® — y® expy(™)’ (232)
o 2esoy® y{® exp [y -+ (1/rg) ¥ @3b)

Dywir, (4 oxp y{® — y® exp y@)’

If there exists a value of #, satisfying the inequalities
7,(Re y,-Re 9,)"' £ x, <7, then according to Eqn. (19), the
following approximate equality holds: ,

2
,;, Cjyexp (— Y -‘E:—) =0,

whence

" Cym= —Cyexp {(y- - y.)—f-o‘-} . (24)
From the condition
L CP
I =cw

we find by means of Eqn, (23) that x, = y-7,,

On substituting in Eqn.(4) the Fourier component P ™) (),
related to hp(k) by Eqn. (13), and using Eqn. (24), we obtain

a= () (25)
b(h) = (-:;ZT?)' exp {(r — ) (- —1)}, (@26)
roks (A) = Y5 (7=1,2), (27)

where y; and y}m are respectively the roots of Eqns; (20a)

and (20b), located in the right-hand half-plane. and having
the minimum real components (for the given-A, X, and 7,)..
Then, as can'be readily verified, the right-hand.side.of
Eqn.(8) becomes identical withthe right-hand side of Eqn.(23a)
at the limit A —0. Let the roots of Eqn.(20b) have the
form

yP=x+B ((=12..)

Putting y; = p; +ig;j, we obtain

py= 3 (V=T Fr F 505 + (g — By + A0}, (28)

i= + VEFT TR - g+ ). 29)

As shown by the calculations of Stillinger and Kirkwood?,
in the region X7, < 1,03 the roots yj“” are real, i.e. p} =
= a3+ A%2 and ¢ =0. Inthis case the minimum @, and -
a, unambiguously determine the solution of the problem.
In the region x7;, > 1.03 each.aj corresponds.to two com-
plex conjugate roots y{® =ay +48;. Since at the limit A —0
the coefficients A4;, A, B,, and A; must be determined by
the root y{’, in order to find. p; and g; it is sufficient to
take two ¢omplex conjugate roots y{%} = @, + iB, with the
minimum a, (for the given X7,) and find by means of Eqns.
(28) and (293 the corresponding two complex conjugate roots
V1,2 = Py £1q,.

We shall now find for regions I and III the distribution of
potential averaged with respect to the coordinates.y and z.
From Eqn. (5), it follows that

D
| 4(0) = Zelim (21— 3).
From Eqn. {(9), we find

— Dy 3(0) exp[— (/) y{?) — b (O) exp [~ (11ra) §?)
D1 3 (0) ¥ oxp [~ (Vira) ¥0) — B (0) 5 exp [— (¥/r0) 1)

(30)

Auy
O famo =

Eqn. (23a), which defines the quantity 4,(0), and Eqns,
(14), (25), and (26) make it possible to find the average
potentials

Dyry _(g"Poxpu” — i oxp v{” }’ 31)

ey 4ns
W)= 2y Do Wb Rt~ 0F
o\Tt D™ yP T P exp v — g oxp 50

_ o [m 1oz (o)]__ oy l‘«» 7—"«»]
$s (2) = 4’3’!@ (yg " )exp |y ) w"rexp | 4" + =1 . 62)
D.y“ ¥ y;o) exp yg"’—y‘l‘” oxp 2I(lo)

The jump of the average potential in region II is given by

Fal—B) —Fo (1) = 22T, (33)
In:the limiting case X¥, << 1 Eqn. (20b) has two real
roots: y{ =x7,andy{® = In [2/(x7,)?], and Eqns. (31) and

(32) assume respectively the following forms:

ﬂo) = %‘.'9.( + D,—%)' \-P-,‘,") @)= ﬁ‘f“;ﬂe—x ==

The same result would have been obtained by putting in the
initial system of Eqns. (1)

pmn (l‘) = _pz'“i’. wgmn) (l')

Consequently, when X7, < 1 the distribution of potential in
region III is described by a linearised Poisson-Boltzmann
equation.

We shall now show what limitation is imposed on the
external field by the condition that the parameter ¢, =
= |eWs@)|/RT. When x7, < 1, we have () = 410/D X,
When x7, > 1, the two roots of Eqn. (20b) closest to the
imaginary axis are conjugate complexes: ) =a, + i8,, "
and from Eqn. (32) it follows that

ury (2] = BP sin By + 2uBy cos By
+ B: oy 8in By 4 §; cus [ '

‘Fu 1= i’siw (1) a

and, as shown by numerical calculation, the modulus of the
multiplier of P’ (y) is less than unity, so that the condition
€ ~ €, « 1 signifies that

lo]S 4= ¢

53



" Vol.37 No. 1

RUSSIAN JOURNAL OF PHYSICAL CHEMISTRY

January 1963

a7
a6
25
(2]
a3t
a2t
ary
a0F

For aqueous solutions of uni-univalent electrolytes at room
temperature, we obtain

[l 4T ()% pC em™.

It is interesting to compare the behaviour of the potential
(32) with that of the potential ¥{°'(x), which obeys the Gouy-
Stern law. In order to demonstrate the sharp difference in
the behaviour, we shall examine two relatively large
numerical values of the parameter x#,: 1.03 and 1.15,
which for 7, = 4.2 A and T = 300°K correspond to the con-
centrations 0.59 and 0.75 M. From Ref.2, we find that

Bi=0 when xry = 1.03;

2%y = 2.07;
B1 =0.89 when nury=1.15.

1) = g, +If,;
ya=atip ay = 1.92;

For convenience we shall now introduce the following
notation:

T -
gy Val @) - hE@ . _z—7
o=y YOy Y20

With this notation, the Gouy-Stern law and Eqn. (32) assume
the following forms respectively:

2" @) = exp (— xreaz’);

PR 2 r*
Z(a) = MEEIEIT) oxp (—az)  (uro= 1.03); -

ol (53— B) st (Br + Bis*) + 22,By cos (By 4+ Byz)]
(2} 4 B} (tq sin By -+ By cos By)

Z(x) exp (—a,2") (xre>1,03).

The Figure shows that Z(x*) decreases on going into
the bulk of the solution much more rapidly than does
Z®(x*). When X7, ='1.03, we find that even with x*=3
the function Z (x*) amounts to 0.5% of its value at the point
x* =0, which is smaller by a power of ten than the corre-
sponding value of the function Z®(x*), When x7, = 1,15,

- the function Z(x*) oscillates weakly, becoming zero first
when v* ~ 2 and then again when x* ~ 5, but the maximum
deviation from zero inthe range 2 < x* < 5, where Z(x*) <0,
amounts to only 0.7% of the value at the point x* = 0, so
that we may assume that the fall in potential in the diffuse
part of the double layer occurs in this case over a distance

of the order of two ionic diameters.
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SUMMARY

1. Conditions have been deduced for the applicability of the
method proposed by Kirkwood et al.!s? for finding '
approximate correlation functions for the distribution of
ions in the bulk of the solution and in the diffuse part of
the double layer, allowing for short-range interaction
between the ions. This method makes it possible to find:
important characteristics of the double layer at bulk
electrolyte concentrations greater by 2-3 powers of ten
than the concentrations at which the linearised Poisson~-
Boltzmann equation is valid.

For the rigid sphére model, the above method has been
used to find the distribution of potential in the electrical
double layer at the dielectric~solution interface when
layers of specifically adsorbed ions are present, allow-
ance being made for the discrete structureof thelayers.
At moderate bulk electrolyte concentrations (0.1-0.5 M)
the potential in the diffuse part of the double layer falls
on going into the bulk of the solution more rapidly than

predicted by the Gouy-Stern theory.
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KINETIC RELATIONS IN THE DEHYDROGENA-
TION OF COMPOUNDS WITH SIX-MEMBERED

RINGS. IIf
A. A, Balandin and V, Kh, Matyushenko

The préevious communication presented our experimental
results for the dehydrogenation of methylcyclohexane and
its binary mixtures with toluene, hydrogen, and argon over
a Pt/asbestos catalyst. The present paper discusses these

results.

If pure methylcyclohexane or its binary mixtures are
passed over the catalyst, then from the general kinetic
equation for monomolecular reactions in a flow we obtain

ok 8y 81y 0y + 3bg) Ay In 2 — B — by + by Bb) = b, (1)
where 6; = A;/A, (A; is the rate of supply to the reactor of

" --the reaction product or a substance not involved in the

reaction; 6, = 0 in the latter case), b; = a;P, and a; is the

1 In the Russian original Parts I and II of this paper have been
transposed. This order has been retained in the translation,
Part I begins on p.59 (Ed. of Translation).



