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THEORY OF ELECTROCHEMICAL PROTECTION.
II. DIFFUSION-CONTROLLED REACTIONS

R. R. Dogonadze, V. G. Levich,
and Yu. A. Chizmadzhev

The potential distribution in a system consisting of a
metal (cathode) and a protector {anode), for a steady state
of spontaneous dissolution, was calculated in t_he previous
paper!. It was then assumed that the rates of anodic and
cathodic processes were determined by the rates of the
corresponding electrochemical reactions. Concentration
polarisation was completely ignored. ,

In practice, however, we frequently have to deal with
the corrosion of metals in the presence of dissolved oxy-
gen?, Here the cathodic process is the electrochemical
reduction of oxygen:

0s + do -+ 2Hy0 = 4011, (1)

the rate of which is given by the polarisation characteristic3:

10 == (), / (@), ()
where i is the rate of the electrode reaction (1) (current

density with respect to oxygen), (c©2)s the oxygen concen-
tration directly at the metal surface, f(¢) a function of the

potential of the metal, and k a constant. .

In nractice conditions of stirring may often be such, and
the concentration of oxygen in the solution so low, that the

" rate of supply of oxygen to the surface is comparable, and

sometimes even small in comparison, with the rate of the
electrode reaction. In these cases the overall rate of cor-
rosion of metal in a system with a protector is dependent
on the rate of supply of oxygen. The purpose of the pre-
sent paper is to examine systems of this type.

The limiting case of purely diffusion-controlled process
was examined recently by Wagner?. As boundary condition
at the surface of the protected metal, however, he used the

requirement
{% = const.

) flat
With the geometry of the system assumed by Wagner (a
metal surface having bands of impurities) such a boundary
condition does not represent any real conditions for the dif-
fusion transport of oxygen. = We shall return to this ques-

tion later.

Calculation of the rate of a corrosion process in a sys-
tem with electrochemical protection in the presence of
diffusion-controlled reactions is extremely complicated.
The geometry of the system must therefore be chosen so
that access of oxygen should occur under extremely si.mple
and fully defined conditions. When mixing of the liquid
occurs, which is nearly always the case in practice, the
supply of oxygen is effected by. convective diffusion.

1t is simplest to consider convective diffusion to the sur-
face of a rotating dise, which represents the only surface
which is uniformly accessible with respect to diffusion, i.e.

t the diffusion flux has the same value at all points
such tha In all other cases, in particular in the case of a

5
gxlla:xte 'over which liquid is flowing, which was considered by
Wagner 4, the diffusion flux varies from one point to another
along the surface. For this reason the boundary condition
adopted by Wagner does not correspond to the geometry of

his system.
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We shall now consider the distribution of potential and
current in the following system.

A disc electrode of the main metal, of radius R, contains
at its centre a protector (an impurity metal which under-

. goes the anodic process at a greater rate) in the form of a

circle of radius ,. The disc is placed in an electrolyte
solution containing also dissolved oxygen at concentration
¢y, and rotates with angular velocity w. We shall neglect

* edge effects, and regard the disc as being of infinite

radius. .
The potential of the electrie field in the solution satis-
fies the Laplace equation:
Ag =0, : 3)

In order to find the distribution of potential in the system,
appropriate boundary conditions must be specified at the
surface of the protector (anode) and the main metal .
(cathode) as well as at infinity (in the bulk of the solution).

Let us examine first the surface of the anode, i.e. the
surface z = 0, v < 7, where z is the height and » the radius
vector in cylindrical coordinates, with the origin at the
centre of the disc. We shall assume that the dimensions of
the protective anode are sufficiently small to satisfy the
condition

He forod =, (4)
where j, is the current density at the surface of the anode.
As has been shown previously 48, the boundary condition
for the current density at the anode can then be written in
the form

Jo= K ;;;‘;-)hn' ren == const, (5)
At the cathode surface (the regionz = 0, 7, < » < R) the
current density k(3¢ 9%)... , .. cr 1S equal to the reaction
velocity of the electrochemical reduction of oxygen (1) at
the electrode.

The function f(¢) in the formula for the rate of reac-
tion (1) can be written in the form 3

/(@) =exp {~ f*,}'%} —exp {?};’7} ) A ©)

where @, is the negative potential at the surface of the
metal, )
_The boundary condition at the cathode surface means
that :
« (5 =k ), - ()

on 220, RSIr SR

" where f(@,) 15 defined by (6).

The last equation contains the oxygen concentration at
the surface, (c®)s. It is determined from the requirement
that under steady-state conditions the velocity of the elec-
trode reaction (1) should be equal to the diffusion flux of
oxygen to the electrode surface. This has been found pre-
viously*? to be

0O Oy
{0y . ~(’0 -,
i, = 4FDo, L=, ®)

where 8/, the thickness of the boundary diffusion layer,

which is constant over the whole surface of the disc, is
given by ] .

8 = 1.61 D=, L (9)
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Do, being the coefficient of diffusion of oxygen molecules,
and v the viscosity of the liquid.

On equating if,’fﬁ and z'oa, we find the surface concentra-
tion of oxygen (c°“)s under steady-state conditions:

(cOR), = ——-—Eblﬁ
1+ iFDg,! (9

Substitution of (10) in (7) gives the final boundary condition
at the cathode (protected metal):

(11)

kS (o) 6o - i

PRI, i
+ 4FDO, 1 (@) 14 o
lim

«(2) -
"7yt rer R

where i92,= Dcy/0'.

Finally, at a great distance from the disc, asz — =, we
have the condition

¢—0 as z—o00. (12)

Eqn. (3) together with the boundary conditions (5), (11),
and (12) forms, from a mathematical point of view, a com-
pletely defined system. In view of the extreme complexity
of the boundary condition (11), however, it is not possible
to obtain an exact solution. It is therefore necessary to
simplify condition (11) by utilising the fact that different
stages of the process -— diffusion and chemical — may be
of decisive significance at different, spatially separate
portions of the protected metal.

The whole surface of the protected metal (cathode) can
be roughly divided into two regions — region 1, in which
the rate of the electrode reaction %2 is much greater than

the diffusion current iﬁ;-;,,
. i
and region 2, in which the opposite inequality holds.

Clearly, in the first region the overall velocity of the
electrode process is determined by the diffusion stage.

Indeed, when i%> i(%, Eqn.(11) becomes

(13)

14 R 14
« (57;),,.0,,.<,<R = Ilim =jn ( )

where j; is a constant independent of 7.

The velocity of the electrode reaction is especially high
in the vicinity of the protector, where the shift in potential
and the current density are high. In this region, therefore,
the supply of oxygen, whose concentration in the aqueous
solution is low, may limit the overall rate of the cathodic
process.

The potential ¢, and hence also the rate of the electrode
reaction, fall with increase in distance from the protector.
Therefore condition (14) can be regarded as satisfied only
up tosome radius R,, whose value will be determined below.

The second region is located at great distances from the
protector, and in it the boundary condition is of the form

k58— o , (15)

The boundary condition can be further simplified if it is
supposed that in the range 7 > R the shift in potential is

small, The function f(¢) can then be expanded as a nger
series in Fo/2RT, and we have; approximately, for ¢ 3

. ‘0. F
100 2 R (00~ By & 6 65" 7 9o» (16)

o (10) -

since changes in concentration can be neglected in the
second region. .

Introducing the dimensionless variable N = n/R, and th
dimensionless potential & = ¢ F/RT, we can rewrite (16) in
the form

00 Rike P
aN = K?RT . . a7

As in the previous paper!, we shall assume that the dimen-
gionless quantity ’

K= 1. (18)
Then instead of (17) we can write finally
@=x0when 0o >r>R,. (19)

The physical significance of (19) is that polarisation of the
protected metal is quite small at a distance from the pro-
tector. Condition (19) is satisfied at those points on the
surface at which the current density is sufficiently small
for the chemical resistance to be less than the ohmic resis-
tance. . .

It is self-evident, of course, that division of the pro-
tected metal into two zones is schematic and can represent
the actual behaviour of the system in only a simplified form.
Nevertheless, such a separation reflects the fundamental
tendencies in the behaviour of the system. With sufficiently
vigorous stirring, the transition zone, within which con-
dition (16) is satisfied but the approximation (17) is still in-
admissible, will evidently be quite narrow.

As a result of the simplifications which have been made,
we arrive at the boundary problem: ' ‘

Ap=:0,

(55) = fa whon 0Py 2 =0,
(g?ﬁ-):i‘, when 7o Sr <R, =0,

¢ =0 when R, r <00,

=0 whenz— 0o,

z=0,

(20)

The value of the constant ¢, is determined from (8). Solu-
tion of this problem, given below, gives the required dis-
tribution of potential and current within the system. Here
we quote only the main results of the calculation.

N

Fig. 1,
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- The potential distribution at the surface of a protected
metal is given to a first approximation by the formula

o = 2y T=GRY, r<r,

K
U

=" V 1—-(r/‘h’,)2, r>rg, (21)

wheré for R, we can write, approximately,
rRo<r Vigh,

This estimate of R, assumes that a great proportion of
the current of the protector i, is associated with the dif-
fusion-controlled region of the disc, satisfying the condi-
tion .< R,. More exact agreement with experiment can
be obtained by calculating R, from Eqn. (21) after measuring
the potential at a single point r*, Fig.2 shows the change
in potential as a function of the radius vector at the surface
of the disc.

The conditions for the applicability of the model can be
formulated as follows. At a distance 6 from the point R,
the potential ¢ is 50 low that the condition

{3itf <lichem

breaks down. The magnitude of 0 can be found by equating
the currents: :

igiff == ichem

K'e,VOR; .

. . . KE
g = K'ep = =2 bqrns K' =

RT*
K?
TKER

The requirement that & should be small compared with R,
yields

K
R> -
Since R, <€ 7o(io/iam)'/?, we have
T K
ry Vil > rot

which is the criterion for applicability of the model. It
follows from these estimates that at large R, the quantity
8 ~ 1/R, is extremely small.

In deriving the boundary conditions it was assumed that
even close to the protector the potentials do not become so
negative that the evolution of hydrogen at a finite rate be-
comes possible.

Allgwance for this last reaction would considerably com-
plicate the problem, since it would be necessary to intro-
duce kinetic boundary conditions at both great and small

1104

distances from the protector — the reduction of oxygen apd.
the evolution of hydrogen respectively.

Solution of the Boundary Problem

The boundary problem which has been formulated can be
conveniently solved by the method applied by Levich and
Frumkin®. Let us introduce the elliptic coordinates &, 7,
¢, related to the Cartesian coordinates by

"z ==Ritn z =rcosl; y =rsin%,
where r is the radius vector:

r=RV 1+ —nw).
The surfaces £ = const. represent the surfaces of rofation :
of confocal ellipses. The surfaces 7 = const. represent

surfaces of rotation of confocal hyperbolas. The surface

£ = 0 corresponds to » < R,, and the surface n=0to v >
> R,. .

In the new variables the Laplace equation assumes the
form

. 9 1 a 97 ;
merw O (W]

o
i . ¥
TRaTma—m =0

and hence the boundary conditions become
K (%‘%) = On) = {iov LAY RS
£z

L 0Ky,
¢=0,

y TSR,

r>R,,
o= V1 —(ro/Ry)*.

where

Elliptic coordinates were chosen because of the simple form
of the boundary conditions expressed in these variables. In
virtue of the axial symmetry of the problem, the field
potential ¢ cannot depend on the angular coordinate €.

We shall seek a solution of the boundary problem in the
form of a series:

®= 2 AP (n) Qu (i8),

where P; and @ are Legendre polynomials of the first and
second degree respectively.

i Legendre functions of the first degree with the argument
i£ increase indefinitely with increase in £ and do not satisfy

tl;e boundary condition ¢ = 0. - The boundary condition (20)
gives

Prmmo = ZXBA;P, (0) Q1 (it) = 0.

1t follows from the properties of Legendre

olynomials
thatl=2k+1. Hence P yn'

¢= §A,k+xpak+1 () Qe (iB).

The boundary condition (20) gives

%
on

=t E} dQyp., (iB)
Agigy Py [ 2041 ]
= ML S shtt Porr (M) __ﬁ._ -
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or ’
T';:_n 2,,"' Agi4aParir () Qo (0) = @ (),
since
aQ (ik) .
Rsl® i 0.

Introducing the notation

73"‘ =a, AwQu (0) =

where { = (-1)V/2, we have

B, k410

EBMP;.:H = Lm0 . (22)

Utilising the orthogonality of Legendre polynomials, we ob-
tain

img3 b
%

Bamyy = S N (M) Pyraga (M) dg =

= A + 3 [zi { NPamprdn + o S WPama(n) dq]

The following relationships are useful for calculating the
integrals:

zPy () =

2” T 1Pn+1 (®) + 37 + Erent Py, (),

(@n + 1) Pp(2) = E; Popy (2)— E Py ().

Simple calculations iead to the following formula for the
coefficients in the series:

=y b=lopg, (23)
B ll—!o 2m+2P ( )+
il = {4m+5 amt3 (Mo,
dm -3

2m 41
+ G T Em+5) P =m+1 (o) — m$T Pyny ("lo)} '
where m > 0.
The greatest interest attaches to a solution in the plane:

PE M) fomo = 3 0@

* Qau (Y] B""*"P’k-ﬂ(ﬂ). (24)

where

Y . 2k —1
Qura 0) = (— 02 Qe (0) = i (— et B

Let us calculate the limit of the ratio

1, = e @ 245 ()t
kS T0 ©) ekl 2k i)

Using Stirling's formula

as k-»o00.

nl == pre-" Vﬁn.
we have -

. 1
Yimil, = .
koo k 2

Since the lower limit of the ratio iQyy+,(0)/@,4x(0) is §, the
series

= o 3 BavtrPres (1)
k

is a majorant for the series (22).

At the same time, the
series S converges to the function

1
52 NP ().

Thus a solution to the boundary problem has been ob-
tained in'the form of a series, its convergence has been

proved, and expressions have been obtained for the co-
efficients.

SUMMARY

The potential distribution has been obtained at a rotating
disc electrode with an impurity at the centre which acts as
an anode. It is assumed that cathodic reduction of oxygen
occurs on the metal, its rate being limited by diffusion in
the region around the impurity, and by the electrochemical
reaction at the peripheral part of the disc. The conditions
under which the disc can be legitimately divided into dif-
fusion and kinetic regions have been investigated.
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EQUILIBRIUM IN THE ZIRCONIUM-
NITROGEN SYSTEM AT HIGH
TEMPERATURES

E. I. Smagina, V. S. Kutsev,
and B. F. Ormont

A study of the interaction of zirconium with nitrogen at
high temperatures is of considerable interest because at
present zirconium is beingused increasingly as a construc-
tionalmaterial in modern engineering. Even in the most
modern thermodynamic studies!, the nitrides of this and
similar metals aretreated, inaccordance withthe principles

of classical chemistry, as phases of constant composition,
and equations of the type

MN = M + iN,

are used to describe the decomposition of these nitrides, or
their synthesis from simple compounds.

In actual fact, these nitrides are phases of variable com-
position witha wide region of homogeneity, and their thermo-
dynamic parameters must vary greatly with composition
within the limits of the homogeneous region.
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