KINETICS OF ELECTROCHEMICAL PROCESSES

V. QUANTUM-MECHANICAL THEORY. CALCULATION OF THE PROBABILITY
OF TRANSITION FOR NONADIABATIC REACTIONS WITHIN THE HARMONIC
APPROXIMATION (ENTANGLEMENT OF THE QUANTUM

AND CLASSICAL DEGREES OF FREEDOM)
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Nonadiabatic transition between two multidimensional potential energy surfaces {s examined - -- .
within the harmonic approximation in a system in which, as a result of a reaction, there is
entanglement of the coordinates of the classical and quantum vibrational degrees of freedom.

A method for the calculation of the activation energy of the process and the tunneling factor -

i{s described. Various cases corresponding to different ratios between the number of classi~
cal and quantum degrees of freedom that are entangled with one another are investigated. .

o

Some general formulas for the probability (W) of the elementary act of a reaction, the activation en~
ergy (Ea), the tunneling factor (o), and the transfer coefficient (6*) in the case of nonadiabatic reactions
were obtained in [1] within the framework of the harmonic approximation for the description of both a polar
medium and the intramolecular degrees of freedom of the reagents- '

W=A exp {~BE.(8])~0(A])} S . s : (1)
(AJ is the heat effect of the process). In a previous paper [1], we investigated expressions for Eg(AJ) and
g(AJ) in the particular case of processes that are not accompanied by "entanglement," during the reaction,
of the classical and quantum degrees of freedom. In the present paper, we consider the general case, when
this sort of "entanglement" does occur. It should be noted that precisely the latter case is typical for chem-
ical reactions that are accompanied by cleavage or formation of valence bonds. If the mass of partlcle B .
undergoing transfer during the reactlon -

~ AB+C~A+BC = @ . . (2

is of the same order of magnitude as the mass of particle A or C, it is not difficult to show that, generally
speaking, all of the coordinates that characterize the degrees of freedom of molecules AB and C are "en-
tangled” with all of the degrees of freedom of molecules of A and BC; since the frequencies of the valence
vibrations of molecules AB and BC are usually quite high (3 hw>1), while the vibrational frequencies of
molecules A and C as a whole are low (as a rule, 88w <« 1), when such "entanglement" is present, the classi-
cal and quantum degrees of freedom become "entangled” [2]. A similar situation is encountered in disso-
ciation (or bonding) reactions,* for example, in reactions involving substltution of ligands in complex {ons
that proceed via an SN‘ mechanlsm [3]. SR .

CKBeass 3)

under the conditlon that the valence bond in molecule AB that is undergoing cleavage isa quantum bond.

*In the case of reactlons with proton transfer (B H), entanglement of the classtcal and quantum degrees
of freedom can be disregarded in many cases. :
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As has been discussed in detail in [1], matrix [z ll, which interlinks the dimensionless final @y)
and initial (q,) normal coordinates, in the general case is quasidiagonal, such that the entire vibrationa]

system can be broken down into several "independent” subsystems:
[OWTY @)’ (2) ()

m’ .
qf = Zanq‘, g9 =2~Buq.. @ =) Ym@, Q=) Yn g ..., )
i . .

It is essential that in the first of these subsystems (the "pureljy classical" subsystem) all of t'he degrees of
freedom in both the initial and final states are classical; L.e., /2 Bliwy, 2% ﬁwj'« 1, for all i, j. Similarly,
in the "purely quantum" subsystem, '/zﬁﬁ%, ‘/gmiwt'»l for all degrees of freedom of the subsystem. With.
in each of the subsequent subsystems there are both classical and quantum degrees of.ff*eedom (the "mixeq"
subsystems), For the following examination it is essential that, according to the condition, none of these
mixed subsystems can be further broken down into several independenF subsystems.

For reactions in a polar liquid that are accompanied by transfer or redistribution of charge, there is
always a purely classical subsystem in the system: for example, a large part of the degrees of freedom of
the solvent [4] enters into it (as a first approximation, one can suppose that all of the degrees of freedom
of the polar medium are classical). A part of the intramolecular degrees of freedom with high vibrational
frequencies may enter, along with some degrees of freedom of the solvent [4] (with a relatively low total
reorganization energy), into the purely quantum subsystem. We note that in what follows the presence or
absence of a purely quantum subsystem is not particularly important (in the latter case, one should only
omit the terms pertaining to this subsystem in all of the expressions), At the same time, the presence of
a purely classical subsystem is, generally speaking, a fundamental feature. The transitions in a system in
which this subsystem is absent are examined at the end of this paper,

. The analysis made in [5, 6] demonstrated that, just as in the case of systems without "entanglement"
of the classical and quantum degrees of freedom [1], one can i{solate, within the range —E,.'<AJ<Er (Eyp
and Ey' are the total reorganization energies of the system in the initial and final states), three subregions
in which the process takes place: normal {transfer coefficient 6* is not too close to 0 and 1), activationless
(6% ~1), and barrierless (6* ~0). The heat effects (AJ) corresponding to each of the regions are presented
below [formulas (17), (18), and (20)]. : R

Let us consider the normal range in which the process occurs, To simplify the formulas, we will =
initially investigate the case in which there is only one " independent” mixed subsystem in the system with
bond matrix || 7lk" (the general case is discussed below). - It is convenient to introduce the following num-
‘bering of the degrees of freedom within the mixed subsystem: initlally the classical degrees of freedom

are numbered in both the initial and final states, after which the quantum degrees of freedom are numbered;
L.e., V2phan, Vophio/<1 when ’ ‘ ’ :

k=1,2,...,M; l=1,2,.’“’L and %gk(ﬁk, %ﬁh(ﬂl’>i
whenk=M+1, M+2,..., P 1=L+1, L+2,..., P (P is the total number of degrees of freedom in the subsys-
tem; the M and L values, in particular, may be equal to zero or P). When this is done, the following prin-

ciples, which make it possible to find the energy of activation of the proce
ss and the tunneling factor .
_ (), prove to be valid: 5 (Ea);,‘, fp’ ht § and the tunne oo

1) The magnitude of E, is associated with the motion only along the cléssical degrees of freedom (in
the initlial state), while o is due to subbarrier passage only along the quantum degrees of freedom (in the .

quantum degrees of freedom undergo prior activation; i.e., the correspond-
Ing bonds in the reagents remain unstretched up to the instant of the electron transition from the initial

:eti:,el :;). t,hé fing} ‘s‘tate,” I,P,Ot_her W°rd§_' ﬂ_‘e system passes from the initial electronic term U to the final -
e Y )
AP L TR e o T oS T
::l(jillitl:l:u‘: ::lt:l s:he Instant of the transttion all of the Init{a] "quantum" coordinates are'equél to thelr -
degrees of freedom(:e” zexz), but directly after the transition the coordinates for all of the final quantum
re equal to their equilibrium values for the final state. Thisg means, in particular,

that passage of t Uto ~ . e, :
the aitlv:tfonoinehi sy:_te:; from Uto " generally does not occur at the Intersection of these surfaces (but
SR &Y %y no means always coincldes with the energy at the corresponding saddle point), .




2) Finding the tunneling factor (0): for this, one must examine thé fndex of the exponent thét arises
during remultiplication of the squares of the wave functions of the unexcitedinitial andfinal states (! 4e'q/ %
+/ie-2(@'~90"?) only for the quantum degrees of freedom:

P ) 4 - )
2 -Z (q.’+(q.’—q..’)’}+2 it Z (¢ —qu')* (6)

] Ama 44 lel4 ‘
In formula (6) the summation is made over all the quantum degrees of freedom both within the purely quantum

P P
subsystem (3)),and within the mixed subsystems ( Z‘ ; Z ).. The o value is equal to the minimum ¥
s

(T £ 31 imL4s

{n formula (6) with allowance for the relationships (4) between the q' and q values; in minimizing ¥ there is
no imposition of any conditions whatsoever on the gk and q;' values (1=sk=M; 1=1 =L) in (4), which cor~
respond to the classical degrees of freedom. Thus to find o it is sufficient to substitute the g* and q'* val~-
ues found in the solution of the following system of equations into formula (6): ) o

q.’ +2 ﬁ:.(q,'._qu)=0 foralls, . . ) (73) '
‘ ‘ .

P
Exm(q:"—qw’)=0 for  A<k<M, |
lumL 41 B - . .

P
{ ot ZTI&(G!"—‘Ilo')‘—"O for  MHI<k<P

lmmL+t
with allowance for relationships (4).

It follows from formulas (6) and (7a) that in the presence of a pdrély quantum subsystem, tunneling
factor o is always some value other than zero (only if not all of the qjo' shif’;s are s_imultaneously equal to

zero); 1 2., this subsystem in all cases makes the nonzero contribution oqum=2 {g.*+(g.”*—q.")%}. to o. At :

o s ) R
the same time, the mixed subsystem does not always make a contribution to o (for greater detail, see below).
It can also be shown [5, 6] that in the most general case tunneling factor o is constant over the entire normal
range; 1.e., it is independent of the heat effect (AJ) of the process (and also independent of the temperature, o
only if in this case there is no change in the character of the motion along any of the classical or quantum -

degrees of freedom); . , N .
3) Finding the activation energy (Eg): let us introduce the effective potential energy surfaces for all .

of the classical degrees of freedom: . :
‘ £ o,
= y — ey TN
o Z" shogi+ ; 3ot
. ) ' . '1 ‘ (8)

these expressions are obtained from the electronic terms of (5), if all of the quantum degrees of freedom
are "frozen," l.e., if qg =0; qc =0 (M +1 =k = P); qt' =qto’; qp' =qy' (L +1=1=P)(wenote that when M = L these
surfaces have a different numbers of measurements). The activation energy is equal to the minimum energy

on the intersection of these surfaces with allowance for the relationships that are imposedon the "quantum"
variables quM+1=<k=P) and q;'(L+1SI =P) during minimization of Z in (6) [i.e., these values are equal
to qi* (M +1 <k =< P) and q;' * (L +1= I = P), found from (7b)].

Four cases, which differ in the values of the ranks of their ' and I'' matrixes [7],' can occur in find-
ing the o and E, values for concrete processes: ‘ ‘ :

Va1t Ve M

R=rank DI=rankj: -+ i
Y1 VoM
Yray, 100 Yoo, M TLmo E - e ) (9):_,

1]

R’ = rank IY=srank .
‘ Yp,i"~'\’p'm dpy




T

- =R"s M, R<R' (it follows from the determinatq
: a) R=M, R<R'; b) R=M, R=R'; ¢) R<M, R=R'; d) R<M, ation
:?rt?leiani)cﬁ the matrix th)at R=M and R=R! always). The ratio between R and R' determines the magni.

P P
i . te__ 2 - {
tude of the tunneling factor for mixed subsystem ¢™*¢dmg— W20 Z @+ Z (¢""~gu’)* when R=R1oMixed_
Ae M 41 I
0, i.e.; the system of equations (7b) with allowance for (4) permits solutions of the form Q*=0(M+1sks< p),
q;'* =qz,' (L+1=I =<P); if, however, R<R"', the ¢™*€d fa0tor differs from zero, qi * ?0, and q;'* = q,', In
satisfyinog the condition R=M, system of equations (7b) with allowance for 4) uniquely. determines al] of
the gk * and q;'* (1=k, I=P) coordinates in the mixed subsystem; this means, in particular, that all of the
initial "classical™ variables in the subsystem gy * (1=k=M) and, consequently, the contribution of thig sub-
M
system to the activation energy grixed 0} ;_hm.q." [see (8)] are determined unambiguously in the procesg
~ -
. - Rt
of finding omixed, Therefore, when R=M, the activation energy for the mixed subsys&tem (E mixed) 0
dependent of AJ, so that to find the total activation energy [E, =E,class ) +E,mixed) one shoulg find the
energy at the saddle point on the intersection of the surfaces:

1 Py i r- ’ 4% ] ’ (10)
=V, . r=§:_ —gn’ ) +E"+AJ,
U Z‘: 2hm.q‘+E,.., U .3 hoy (g —qn")

» L
1 ’ ’
in which E,, = 2 —;—-ﬁm.q."; Ep' = Y‘ Tﬁml' (9" —q1")* are independent of the heat effect of the process (AJ),
i=1

A=t
Let us now examine the indicated four classes of processes in greater detail,

a) R=M<R!', Asa rule, these conditions are satisfied (although not always) when P—1 > M, i.e.,when .
the total number of classical degrees of freedom M +1L (in the initial and final states) within the mixed sub-

atomic hydrogen from the electrode surface:

Hadsf"HzO-’Hz+0H" o H,4 +H,0*—H,+H,0. (11)

As the simplest model for this reaction, one should take into account the H,4g valence vibrations (along the
bond with the metal; wa ~10M sec™1ss 2K/ h) and the valence vibrations of the proton in H,0 or H 0% @~

510" sec™!); in the final state an H, molecule with a very rigid valence bond w ~8-104sec~1), the vibra-
tions of which as a whole are of very low frequency, is formed, In this case, P=2, M=0, and L =1, so that

the condition+P-L >M is satisfied (consideration of the deformation vibrationsg for Hyg4g and the proton in -
H,0 and H,;0 agd qf the other valence bonds only reinforces thig inequality),

unambiguously determines all of the qi* and qp"* values (1< k,1=p)

s:;a&cgf, differ from zero, As already indicated above, the tunneling factor for the mixed subsystem
[( ' oot ) Siffers from zero; 1.e., the system effects quantum subbarrier transition along tne coordinates of
no Y the electronic purely quantum subsystem but algo those of the mixed subsystem. To find the activa-

tion energy (E,), one should, in accordance with (10), examine the potential energy surfaces only for the :
purely classical subsystem for the "effective heat effectn Aj=AJ+E, '~E_) and calculate the energy at -

. In which qx* and q;' *—qpy', generally

th — : ‘ -
e saddle point ‘Z‘ 3 hogd; Ep shoqld be added to the value obtained, Thus the addition of the mixed sub-

system, for which R=Mc<R!, leads to an increase in the tunneling factor by omixed . 4 an increase in the

actlvatlon energ‘y by E.;; in addiﬂon E al anges E E In
m' £ ] so ch !
the S[lanGSt case, in WhiCh nettber t a due to 'mixing" of the heat effect by m' m-* ‘

he system of no i
the activation energy [see formula (31) i 1) is . rmal Coordinates nor fhe vibrational frequencies change,
TUsing the methods of linear al 1, one sho - ' '
gebra [7], o .
tons for any Dypy | and Qs valten, ;[.7]; | 'I,le can ?;@Y vﬁtl;av.t”t.her,sy‘s‘tem of..equa‘tlons (7b) and (4) has solq-_ ‘

i
i
:
i
1
H
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(Ec+AJ+En'—En)?
4Ec :

b) R=R'=M. This case is typical for processes for which the condition M+L=P is satisfied, i.e.,
the total number of classical degrees of freedom coincides with the total number of quantum degrees of
freedom in the mixed subsystem. This sort of situation is also encountered extremely frequently in inves-
tigations of concrete processes. As typical examples, one can cite substitutions of ligands in complex metal
{ons that proceed via Sy and Sy, mechanisms, Inthe first case (the simplest model is considered for these
reactions), in both dissociation and bonding there is a degree of freedom (the distance between the ions and
the ligand) that is converted from a quantum degree of freedom (ion—ligand bond) to a classical degree of
freedom (vibrations of the ligand in solution) or vice versa; in this case, P=1, M=0, and L=1, or M=1,
L =0, so that the condition M+L=P is satisfied. Similarly, in the second case (SN2 mechanism) there are
two coordinates (the distances between the ion and the ligands), and at first one bond is very rigid (the
ligand is bonded to the ion), while the low-frequency vibrations of the second ligand in solution as a whole ,
correspond to the second coordinate; in the final state, the character of the motion along both coordinates
is reversed. Therefore P=2, M=1, and L=1, so that M+L="P in this case.

Ey=E,+ (12)

In contrast to case (a), when the condition R=R'=M is satisfied, the tunneling factor for the mixed
subsystem (omixed) reverts to zero; i.e., there is a classical superbarrier transition along the coordinates
of this subsystem, However, in contrast to the purely classical subsystem, the trajectory of motion of the
system along coordinates qx(1 =k =M) and q;'(1 =<1 <L) proves to be unambiguously determined, and in par-
ticular, is independent of the heat effect of the process. Coordinates qu* =0 (M+1=<k=P) and q;™ =q;,'
(L+1=! =P), correspond to the transition state; i.e., to find the remaining q* (1 =k =<M) values it is suf-
ficient to solve the system of equations, among which there are exactly M linearly independent equations:

Z ‘Yank°=q:o' (L+i<l<P) (13)

hasl

M .
[the q;'* (1=! <L) values are then found from ¢ = Z‘{u.q.‘]. Everything that was stated in case (a) isvalid

for finding the total activation energy (Ej;) of the process; in this case, the solutions of Eqs. (13) should be
substituted into formula (10) as the qk and ql'* values. We note that in both case (a) and (b) one of the E,,

m' Values in formula (10) may be absent; for example, Em =0 if there ls no classical degree of freedom
in the initial state in the mixed subsystem, - : = : :

¢) R=R'<M. -This case is usually realized when the condition M+L > P is reallzed i.e., when there
are more classical than quantum degrees of freedom in the mixed subsystem. ’ .

In the case under conslderation, the tunneling factor for the mixed subsystem (amixed) proves to be :
zero; i.e., a classical superbarrier transition occurs along the coordinates of this system. The fundamental
difference between this case and case (b) is the dependence of the "reaction path" along the coordinates of -

Ami

. M .
1 .
the mixed subsystem on the heat effect of the process (AJ); i.e., E:‘?"‘e‘ = Z‘—o-hm.q. * proves to be afunction

-0of AJ, To find the total activation energy E,= Z—hm‘q""!- Z— hauqa [see (8)], one should solve the sys-

Ami

tem of equations.

T (1-0") hoig 6" Zauﬁm,'(q,"-—q;.’)=0 for all {, IR (13a)
3
. . z - r .
(1—-0')hm.q.’+9‘Z'{..hm;'(q."—q..')-i'z,vm.=0 for {<k<M, . (13h)
lumy lemL41

AJ=2{ - hog® —-i-hm‘ “(¢7 —q.-._')=} Z—nm.q. —Z-—fzm. (@ —quw')* (13c)

Amt

7 18 the set of P—1, auxiliary variables) with allowance for the bond equations:
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M

} 4
gt = ZaﬁQG a” —2 Tagr (1<I<L); Z Ol
-

Amy A=t

(L+H<I<P). (14)

This means that E, is equal to the energy at the saddle point at the intersection of the effective termg of
(8) with allowance for relationships (14). We note that in principle the case (when R<P—L) in which not all
of the equations among the last (P—L) equations of (14) are independent is possible. 'i{owever, it can be
shown [6] that system of equations (13-14) determines all of the g, * (1 SkS:M) an.d q;* (1=1=L) values in
this case also, Thus when R=R'<M the behavior of the mixed subsystem is similar to that of the purely
classical subsystem. ’

d) R<R'; R<M, It should be expected that this case is realized extremely rarely, since R' < P-1,
80 that R<min{M, P—L}, which is unlikely. We will therefore only mention the results of the investigation
in [6] (especially since the equations for qi * and q;™ prove to be most complex precisely in this case),
Genefa.lly speaking, both the purely quantum (if there is one in the system) and the mixed subsystems make
a nonzero contribution to the tunneling factor (g), and, as always, o is independent of AJ. As in case (),
the contribution to the activation energy from the mixed subsystem (Eamlxed) depends on AJ,

"
. . 1 ‘
We note that the Eamixed value in cases (c) and (d) tends to other-than-zero limits of V -?hm.q.. :

on approaching ihe boundaries of the normal region; in case (c) the qi* values for small 6* (boundary of
the normal and activationless regions) are determined from Eqgs. (13) and (14) when 6* =0, i.e.,

P
howgy' + Z Yavi=0 for 1<k<M,
lmL4q (15)
N
ZY:AQA.=¢]10’ for L+1<i<Pp,
L : ket : ’
Thus when a mixed subsystem is present in all cases (a), ®), (c), and (d) the activation energy generally
remains finite, even when the transfer coefficient (6*) becomes very close to zero.

- Up to this point we have examined processes in which there is only one "independent" mixed subsys-
tem. Inthe general case [(4)], there is a set of mixed subsystems with bond matrixes Iy 1, ... In
this case, the principles formulated above remain in force for finding Eq4 and o with the obvious changes in
(6), (7b), and (8). After this, one should, in accordance with (9), determine the ranks of all of the |||
matrixes. The subsequent analysis (cases a, b, ¢, and d) is carried out separately for each of the mixed
subsystems, In this case, the tunneling factors are found for all of the mixed subsystems, and the activa-
tion energies (Eamixed)'are found for the mixed subsystems pertaining to cases (a) and (b). When there
are mixed subsystems corresponding to cases (¢) and (d), one should find [see case (c)] the saddle point at

the intersection of the terms: .
‘ 0=2‘-‘—nm-q3+2 RIPON
. . ‘ 2 ¢ 2 11/7

class

» | ‘ 16)
, 1 e ’ 1 re v (
o= 2;-7 R0/ (@ ~aw') }— hol (g ~qu') +a1

class
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where Eq (E¢') is the reorganization energy of the purely classical subsystem 212—"“"‘7"’ (V-%— nm’:q”u)
o
i N .

mixed o=

for the forward (reverse) process, and Ep, (Epp) is the minimum (maximum) value E, © = ._,..%_ Aoy in
' Aot

the normal regionT: to find Ep,, one must solve Eqs. (15), while Eqs. (13b) and (14) must bé solved for 6* =1
to find Epy. Similarly, Ep,' (Eyf) i8 the minimum (maximum) value of the activation energy for mixed sub-

‘ L
i d 1 ’ 4 4
systems E" = 27%), (g/°—q’)* for the reverse process; i.e., one must substitute solutions of (13b) and

{mi
(14), respectively, for 6 * =1 and 6 * =0 in place of q;"™. In the activationless region, in which AJ lies in the
range .
~E,/<AJ<-E/—E.'+E, (18)

(E¢' 18 the total reorganization energy of the system for the reverse process [1]), transfer coefficient 6*

is always very small (8 * «<1). The activation energy of the process (E,) 18 determined only by the mixed
subgystem (Eq =E,M1%ed) and very slowly decreases from Ep, to zero, The tunneling factor (c=cquant ,
amlxed) also changes similarly. This effect is associated with excitation of the quantum degrees of free~-
dom of the final state (in both the purely quantum and the mixed subsystems). To find

M .
E,= Zi hoaga'? ‘and
At 2
1 » r "
o=y {q."+(q."-q.o')’ th — pfzm.'e'} + Y 0+ Y (@ —ge) tho-procer
s Rom M 41 (=it

one should solve the system of equations

3 ryl i 1 nne -’ v
2. +Z‘,p..(q. —qu')th—-Bha/8'=0 for alls, (192)
1 . = 7o ’ 1 0. f ' - : o ’
—2"5&@»9:. + Z'{a.(q, —qio )th-z—phco, 0'=0 for 1<k<M, (19b)
L 41

P

o+ Z ‘Yn(q{‘—q“')th'—iz- BRw,0°=0 for M+i<k<P,

lmL41
X 1 w1
- —F.1 il 3. — ’ e Iy\2_
Al Eg +; 2 hm,.q;. ; 2 h(m (q: q[g) ‘
» 1 ’ ’ X%} i V(. te ”"na
r —ho! (3" —qu’) —ho.’ (g, fQu)
_ 2 _ 2
2 1 2 1 ’ (19¢)
=L+t chl —E- ﬁhm,’ﬁ' : Ch‘ '5— Mm.’ﬂ' :

Thus the purely classical subsystem effects an "activationless" transition to the final state, while the mixed

1 4
: 1
subsystem undergoes prior activation up to energy E. =27ﬁm.qg".

A=t
The range of barrierless transitions, in which
 EAEu—En'<AI<E, (20)

and transfer coefficient 6* is very close to hnity, is readily investigated by means of the expression for
the rates of the forward and reverse processes [1].
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