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The mathematical aspect of the process of internal diffusion in a flat channel in the presence of an oscillat-
ing pressure gradient has been treated by Siegel and Perlmutter [1] (see also [2]), who considered internal heat ex-
change. However, their expression for the stream density at a wall took the form of two infinite series; in order to
find the terms of these series, it is necessary to know the solution of a transcendental equation. The result obtained
by these authors [1] is therefore very inconvenient for applied problems.

We will derive below an analytic expression for the maximum electric current at a flat or cylindrical elec-
trode in the presence of a constant pressure drop on which a periodic component with the frequency w is superim-
posed. The current density is related by a simple formula (using Faraday's law) to the diffusion flow at the elec-
trode., We will therefore limit ourselves to analysis of the diffusion process.

Let us first consider the case of a flat channel formed by two parallel planes separated by a distance 2r,. We
choose a coordinate system such that the z axis is directed parallel to the flow, the x axis is perpendicular to the
electrode plates, and the origin is in the center of the channel cross section passing through the start of the electrode.
The periodic pressure-gradient component VP = Fy exp (— iwt) causes development of the following velocity field [3]:

== —(iFo [ wp)[1l — ch kz / chkro] exp (—iwt), (1)

where k= Yw/2v (1-i); pis the density of the liquid; v is the kinematic viscosity, { is an imaginary unit, and t

is the time. Let us assume that the electrode length is greater than the complete-absorption length, so that we can
consider an electrode of infinite length. The constant Poiseuille flow therefore sets up a steady-state complete-ab-
sorption diffusion flow equal to the amount of electrically active material introduced into the channel by the hydro-
dynamic flow, Ig = 2r¢bcgV (where b is the cross section of the electrode plate and ¥ is the average velocity over the
channel cross section). Oscillations produced by the periodic fluctuations V P are superimposed on the constant flow.
Since diffusion in the flow direction does not have a perceptible influence on transport of the electrically active ma-

terial at high Peclet numbers, we obtain the following boundary problem for the diffusion process at the maximum
current:

defat+4 (v+v )00/0z Daze | 9z2, )
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where c is the concentration of the electrically active material, D is the diffusion constant, ¢, is the initial concen-
tration of the electrically active material introduced into the channel, and v is determined from Eq. (1). The bound-
ary condition at ¢ = 0 can be written in the form of Eq. (2') if the amplitude of the velocity oscillations in Eq. (1) is
not comparable to the velocity vp of the Poiseuille flow produced by the constant pressure-gradient component. In-
tegrating Eq. (2) with respect to z from zero to infinity, taking into account the boundary conditions (e, =4 = ¢

c| Z 00 0) and using the notation  Q(z, ¢) + Qu(z) = \ cdz, we obtain the following expression for Q(x, t):
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where f(x) = (iFyco/Dwp) [1—ch kx/ch krgl. Since we are considering a steady-state oscillatory process, the solu-
tion must be sought in the form Q(x, t) = Qy(x) exp (—iwt). We then obtain,

d2Qo [ dx? 4+ i0Qo [ D = f(z), (4)
00[x=:t—.r0=0. (4')

for Q4(x). Equations (4) and (4') can be written in the form

Qo = (iFoco [ Dwp)[(k* — p?)~*(ch pz [ ch pro — ch kz / ch kro) — p=2(1 — ch px / ch pry). (%)

=24

where p = Yw/2D (1-i). The diffusive flow at both electrode plates is I = 2b.Sidz = —2bDdQ | 0z|x=r, where
Y

=—Ddc /ox | X =1 is the fon-flux density at the electrode. Consequently,

I = —(2Focob [ 0p) {lp~t + p/[ (k* — p?)lthpro + [k [ (k* — p*)] th kro} exp (—iwt), (6)
whence, assuming D/v « 1, we arrive at the following expression for the diffusive flow:

I = (2FocobD | @?p)k th kro — (I / v)p th pro] exp (—iwt). N

Let us consider the three limiting cases: a) the thicknesses of the periodic hydrodynamic and diffusive layers
are much greater than the channel width r?/v « w!, 1 /D « w=!; b) the thickness of the periodic diffusive layer
is much less than the channel cross section, which in turn is much less than the thickness of the periodic hydrody-

namic layer r/v<< w-1, rd/D » w-Y; c) the thickness of the periodic hydrodynamic and diffusive layers are
much less than the channel width r¢/v » w=l, 12 /D » wt

In case (a), | kry] « 1 and | pry| < 1, i.e., the hydrodynamic and diffusive processes can follow the external-
perturbation oscillations. Expanding the hyperbolic tangents in Eq. (7) into power series of small arguments and lim-
iting ourselves to the first two terms in each expansion, we obtain

J& = — (2Fcobro® [ 3pv) exp(—iwt). (8)

Hence it can be seen that, at sufficiently small frequencies (i.e., w « D/roz), the diffusive flow at the elec~
trode varies antiphasically with respect to VP [the minus sign in Eq. (8) is due to the fact that the hydrodynamic vis-
cosity is opposite in direction to VP], while its amplitude is independent of the frequency and numerically equal to
the steady-state diffusive flow under the action of the constant pressure gradient Fo. The conversion function Kps
which relates the varying diffusive flow to the oscillating pressure-gradient component, has the form

Kp* = —‘(ZCobr03/3p’V).

In order to write the conversion function Ky, which relates the varying diffusive flow to the average viscosity
of the hydrodynamic flow ¥, we average Ed. (1) over the channel cross section:

5 = — (iFo/ 0 p) [1 — thkro [ kr-lewp (—iet). (9

When | kig| < 1, we obtain ¥ &1 VP/3 pv, whence we find Ky® == 3p qua/ro = 2cbrge

The diffusion process in case (b) cannot follow the external-perturbation oscillations, while the hydrodynamic
process can do so0. In this case | krg| < 1 and we can, as above, expand th kr, in Eq. (7) into a power series for kr,
limiting ourselves to the linear term; the condition | pry | > 1 enables us to utilize an asymptotic expansion of
th pry for large pry. This yields

Ib = —(2iFcorebD [ pov)exp(—iwt), (10)
whence it can be seen that the phase of the varying diffusive flow leads that of the pressure gradient by the angle

9 = n/2. For the conversion function Ky, we obtain K~ =— 3p qub/ro = 6icobD/w re. The amplitude-frequency
characteristic is therefore |K b| = 6cebD /wry
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In case (c), neither the diffusive nor the hydrodynamic process can follow the external-perturbation oscilla-
tions: | krg| > 1 and | prg| > 1. Using the asymptotic expansions for large arguments, Eq. (7) yields

I¢ = —FocobDY2 [ ved(i — 1) exp (—iwt) [ p, (11)

in first approximation, whence it follows that, with the assumptions made, the phase of the varying diffusive flow
lags behind that of the pressure gradient by an angle 9 = 77 /4. When |kry| > 1, we obtain ¥ ~—(iF,/wplexp(~iwt)
=—iVP/wp from Eq. (9), which gives K, =iw PKp® = cpD¥27vw (1 +1) for the conversion function Ky; the
amplitude~frequency characteristic therefore has the form

| Kot} = 2¢0bD | Jvo.

2. For a cylindrical channel of radius ry, we use a cylindrical coordinate system with the z axis and the origin
located in the same positions as for a flat channel. Various authors [4, 5] have obtained the steady-state equation

v = —(iFy / wp){1 — Jo(kr) [ Jo(kro)] exp(—it), (12)

for the hydrodynamic process at VP = Fyexp (—iwt), where k= V@ /2 (1 + i) and Jg is a type I Bessel function
of order 8. The diffusive process at the maximum current is described by the boundary equation

dc [0t + (v + v)dc{ 8z = D(r-19c | I + 0% | 3r?), (13)

Clr=ry, = 0; Clz=0 = Cp

[o o]
where v is determined from Eq. (12). Converting to Q + Qp §cdz, we find

02Q / 0r2 4 r=190Q / 6r — D-19Q / 8t = @(z)exp{—iwt),

(14)
Q]T="o = 01
where @(r) = (iFoco / wpD)[1 — To(kr) / Jo(kro). Assuming Q(r, t) = Qq(r) exp (— iwt), we obtain
d?Qo/ dr* 4 r—1dQo | dr 4+ i0Qo / D = ¢(x), 5)
Qo|r=ro = 0-
The solution of this problem has the form
Qo = (iFoco / 0pD){(p? — k2)=1 [Io(pr) /T (pro) — Jo(kr) /1o (kro)]
(16)

+ =24 —Jo(pr) /Jo(pro)l},
where p= ¥ /72D (1 +1i). The diffusive flow at the electrode is

== — 2nreD3Q/0r| s =r,

2iFocore ¢ 1 Jy(pro) { Ty (kro) Jy(pro) an
{— ; [k - —» ]}exp(—imm
op P To(pro) p* — k2 Jo (kro) Jo(pro)

whence, assuming D/v « 1, we find
I'= (2nFocoreD [ 0*0)[(D / ¥)PI1(pro) / Jo(pro) — kly(kra) / To(kro)] exp (—iwt). (18)

As in the case of a flat channel, we can consider the three limiting cases. Using the power-series expansion

of the Bessel function for small arguments and their asymptotes for large arguments, cases (a), (b), and (c) can be
characterized in the following manner.

a) Ikrgl <« 1, | pry| < 1. For the diffusive current I and the conversion function K.. we fihd,

P

I8 = — (nFocoro* [ 8pv) exp (—iwt), (19)
Kp® = —gqeoret / 8pv.
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From Eq. (12), we obtain the average velocity over the channel cross section ¥ = — o2 VP/8 pv, whence

o == —8pvKpd [ re® = nreles.
b) |kro|l €1, |pro| > 1. ‘
Ib = — (inFocor®D [ wpv)exp(—iwt), @0)
- Kb = —8pvKpt [r¢t = 8incD [ 0, Le.,  |K»b| = 8acD] w.
¢) lkrol >1, |prol >1. :
I¢ = —nFocoroDY2ved(i — 1) exp (—iwt) / p. . (21)

From Eq. (12), we find the average velocity over the channel v =— ivP/wp, which yields K,° = iwpKp®

nicoroDY2 [va (1 + i) ; hence weobtain | K| = 2mcoreD / Yvw. for the amplitude-frequency characteristic.
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