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1. The electrical current to an electrode is related in a simple manner (by the Faraday law) to the diffusion
current. In studying the electrical current one canlimit the analysis to the diffusion process alone. Diffusion in a
duct with a thin diffusion layer under conditions of Poiseuille flow was analyzed in [1, 2]. The solution presented
in [1, 2], however, permits only an order-of -magnitude estimate of the total absorption length in the duct, 1Y e
used the asymptotic solutions found for heat exchange in an aperture [3-5] and a cylinder [2, 3, 6-8] to get a more
accurate value of L’ For the diffusion current densities to plane (aperture) and cylindrical electrodes, respectively,
we can write [4, 6]

) jp = (Deo /o) [1.72 exp (—2.83 Dz / vore?) + 144 exp (—32.4 Dz / vore®) + .. ], p)
— (Dey [ 1) [1.50 exp (—7.31 Dz [ vore?) + 1.09 exp(—44.6 Dz [ vore?) +...], )

where D is the diffusion coefficient; c, is the initial concenwation of the electrically active substance; brought

into the duct by the hydrodynamic flow at a velocity V; in the middle of the duct,rq is the half-width of the duct
in the case of the plane and the canal radius in the case of the cylinder; the z axis is along the direction of the flow;
the origin of coordinates is at the center of the duct in a plane passing through the beginning of the electrode; and
the subscripts "p" and "c" indicate the electrode shape.

The first term in each of the sums (1p)and (1c) begins to dominate at a distance which can be evaluated
from the relative magnitude of the first and second terms in each formula. The second term reaches 1% of the
first term at zpu ~ 0,14 v oo’/ D for the plane and z."~ 0,11 v ofeZ/D for the cylinder, For z > z?, retention of the
first term only introduces an error less than 1% Then the diffusion current to an electrode of length L (with an
error less than 1% if L > z°) is equal to

[ss]

/ — .
Ip=0Q0s—AQ=2 kbrocovp— b§ ,rpdz) = Ip® [1 — 0.91 exp (— 2.83 DL/vor¢?)], (2p)

oo

I = mrgteong, — 2nr0§ Jo dz= 1.0 [1 — 0.82 exp (— 7.31 DL/vor?)], (2¢)

where Qg is the amount of electrically active substances brought into the duct by the hydrodynamic flow, AQ is
the quantity of ions (which haven't yet reacted) brought across the electrode boundaries, b is the transverse dimen-
swn of the electrode plate (the factor of 2 in Eq. (2p) takes the two plates into account), Vp = 2u¢/3; V¢ = v¢/2;
Ip =4 1ycqVob/3 and IC = 0,5 My oV are the diffusion currents for complete absorptmn.

Using (2p) and (2¢) we can bring leakage factors into the discussion:
kp = AQ / Qs = 0.91 exp(—2.83DL / vore?), (3p)
ke =AQ/Qs = 0.82 exp (—7.31DL/vore?). (3c)

Using the zPo and ch found earlier in (3p) and (3c), we find that the error in the calculated diffusion cur-
rent does not exceed 1% if the condition (AQ/QS)P < 0,62 is satisfied for the plane and (AQ/Q;)c < 0.35 for the
cylinder. Using (3p) and (3c) wefind the total absorption length L. Assuming, for example, that k = 0,01, we get
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LS=— 73D In (%/0,82) = 0,60v,r,?/D.
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An approximate expressicii for the diffusion current to an electrode with an aperture was found in [9, 10],
under the assumption of a plane (rather than Poiseuille) velocity profile. It follows from [9, 10] that the leakage
factor is

k* = 0.81 exp(—3.70DL / vore?),
significantly different from (3p). The ratio kp/k*, is shown as a function of DL/v g, in Fig. 1.

2. Transient diffusion for a plane electrode was considered in [11], a study of heat exchange at an aperture
(see also [3]). The result in [11] was in the form of double infinite series; to find the terms in the series one must
solve the transcendental equatica which itself contains an infinite series. The solution was accordingly not com-
pletely worked out in [11], and is of no use for applications. The transient process is treated in [9] under the as-
sumption of 2 plane velocity profile. We present here an analytic solution for transient diffusion in a duct for both
plane and cylindrical electrode:; this solution is suitable for applications,

One can get an order-of -magnitude transient diffusion time from Tp ~r/D. We assume that the length of
the electrode, L, is greater than the total absorption length, so that we can treat the electrode as being of infinite
length (the leakage factor being much smaller than one). We can find the transient diffusion current for a gradual
change in the exrernal perturbaiion which causes the hydrodynamic flow. Since the transient time of the hydro-
dynamic process, Ty =~ rnz/'v is small compared with Ty we assume that a Poiseuille velocity profile is established
immediately for the hydrodynariic flow. We also assume that the concentration distribution does not change notice -
able during the time T, .

Let us consider the case of a plane duct. Since diffusion along the direction of the flow has no noticeable
effect on the transport of the electrically active substance at high Peclet numbers (i.e., since the background cur-
rent is assumed much smaller than the leakage current, which is set up during the relaxation period), we get the
following boundary value problem for the limiting current regime:

Oc [0t + vo(1— 22 ro?)dc [ 8z = Do’ [ 02, (4
€| t=o = 0; ¢ | 2mp = co; €| x=ur, =0, (47

where c is the concentration of :he electrically active substance, t is the time, and the x axis is directed perpendi-
cular to the walls of the duct, Integrating (4) over z from zero to infinity, using the boundary conditions (c | =y =

oo
cg; c Z—>e > 0) and the notation Q = r cdz, we obtain for Q(x, 1)
0

5
9°Q [ 922 — D-19Q | 3¢ = — 4 mp (), &
Qli=o=10 Q| x=+re =0, (5)
where p(x) = yyey(1 —lerﬁz)/zl 7D, The solution to this problem can be written in the form [12]
t Ta
Q (=, -z):Sdz' S P )G (= t) o, ') de. ©
U] —To
Here G(x, t|x’, t') is the Green's function for the problems (5) and (5');
o0
G (z, 1| 2't") = (4aDfry) 2 cos (knx) cos (knz') exp [— k2D (t—t7)],
n=n
where ky = (n +1/2 Y /r, (m=06,1,,,.) are the eigenvalues of problems (5) and (5%). As a result, we find for Q,

according to (6),

Q = (42:oro®7°D) D) (— 1)™ (n 4-1/2)™ c0s (knz) [1 — exp (— kn2D1)],

n=
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Using Q we can easily find the diffusion current to both
electrode plates;

T8

I'=2\ jds = —2bD3Q/ox
0

|x=r..'

where j = —Dac/ax| x=r, is the diffusion current density to
the electrode.

We finally find

L
1 = (Svecorob/at) D\ (n+ 1) [| —exp (—kp2 DD)]. (T
gz 0% 06 08 10 12 DLfurd n=0
Fig. 1. As t - «, a steady-state diffusion current, I, is set up,

equal to the amount of electrically active substance brought
into the duct by the hydrodynamic current: Iss = 2coVreb = 4coVorgb/3. Estimating the relative contributions of the
first terms of the series (7), we find

o/ ) taco = 0987 (11 [ Le)see — 0.042.

We can therefore rewrite (7) as

I = I[1 — 0.987 exp(—2.46Dt / re?) — 0.012 exp (—22.48D¢ / re?) — .. .]. ®)

The second term in formula (8) dominates over the third and succeeding terms for values of t exceeding some
value t° which can be found from the relative contribution of the second and third terms. The third term is 1% of
the second at t° ~ 0.0lroz./ D. Fort > t’, the transient diffusion current to the plane electrode is given, with an
error less than 1%, by

I= I@['l — 0.99 exp (—2.46D¢ / r®) ]. (8"

An expression for the transient diffusion current to a plane electrode was found in [9] under the assumption of
a plane velocity profile, It reduces to

I* = L1 — 0.81 exp(—2.46Dt / r¥) —...]-
It is seen that the exponent is the same as in (8), but the preexponentiz: factor is different.

A solution for the cylindrical duct can be found in the same manner. Using a cylindrical coordinate system
with the z axis and origin located as before, we find the following boundary value problem for the limiting current
regime:

dc | 8t + vo(1 — 1?2/ re?)dc | 8z = D[(de | dr) [ r + 8%c | 8%, (9)
c|t=u=0;clz=o:%;c|r=r.=0 ; 9"

(7]

Using Q (r, t) :‘ ¢ dz, we find the boundary value problem
0

9Q [9r2+ (9Q [ or) [r— (3Q [ 9t) | D = — b mp(r), (10)
Qlr=r, =00 t=0=0, ) (10"
where p(r) = voco(l1 =12/ 1,8)/ 4 7D.
We can write the solution of (10) and (10') in the form [12]

t To ;
Qr =S dz’S o (r)G(r, |, ¥)dr,
0 0
where G(r, t/r', t") is the appropriate Green's function:

oo

G(r, t|r', t)=8aDrer’ 3\ Jo(Rar/ro) Jo (Har'/re) exp [— pn?D (t — £)/ro®)/T2* (1n),

n=1
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! where T, is the Bessel function of order v, and pp are the zeros of Jo(y), (n=1, 2, . ..). We find for Q(r, D:

Q(r, 1) =4 (vocero?/D) Z 2 (Bn) Jo (nr/ro) [1 — exp (— pn2Dt/re®)]/pnT 12 (fin)-

n=1

| Using Q(r, t), we can find the transient diffusion current to the cylindrical electrode:
oo
I = —2nr¢DOQ 01 |y—r, = 16700core® 2 Pt [1 — exp (— 1,*Di/ry?)]. (1)
- =

As t — =, a steady-state current Igg = mozcu? = w2/ 2 is set up. The relative contributions of the first terms
in the series (11), corresponding ton =1 and n = 2, are

(It / E) 4o =098, (I2/ Id 1200 = 0,03.

Then (11) can be rewritten in the form

I = Id1 — 0.96 exp(—5.76D¢ / %) — 0.03 exp (—30.5D¢ / r2) — ... ]. (12)

We can estimate t° m the same way as we did for expression (8). The third term reaches 1% of the second
at t” » 0,05r,"/D. Fort > t° the transient current to the cylindrical electrode is given, with an error less than 1%,
by the formula

I = Ig[1 — 0.96 exp(—5.76Dt / r2) ]. i
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