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1. In single crystals of most well-known solid electrolytes [1], only ions of one charge (normally cations)
are mobile. The unipolar character of the conductivity of solid electrolytes may be different from the conduc-
tivity of defective crystals. In solid electrolytes we are clearly dealing with a "phase" which contains the high-
ly mobile carriers. This treatment corresponds to the model of a uniform "cationic liquid" impregnating the
rigid shell formed by immobile anions (and possibly by some immobile cations) [2]. Another treatment involves
models which are analogous to those used in the description of conductivity involving Frenkel's defects. It is
based on assumptions relating to the existence of a few types of states in which the cations can exist, These
are deep "lattice sites" and shallow "interstitial positions"; the mobility associated with hopping of the cations
along the interstices is characterized by very small activation energies. In this approach, the difference be-
tween the solid electrolytes and normal ionic crystals has a mainly qualitative character; it is assumed thatin
the solid electrolytes the number of interstitial positions is significantly greater but that they are shallower:
The special feature of a solid electrolyte is related to the character of the collective interaction between the in-
terstitial cations. It is therefore believed that the change to a high~conductivity state is not expressed in the
structural phase change which "generates" a large number of fairly shallow positions available to the cations
but by the step-like hopping redistribution of the cations between the "pre-existing" lattice sites and the inter-
stitial positions [8]. In the first type of model it is assumed that the exchange between the various permitted
crystal-chemical states is so intense that the cations can be considered as a uniform liquid (at least in con-
sidering those phenomena whose characteristic frequencies are much slower than the exchange frequencies);
the transition to the high-conductivity state is provided by the transformation of the crystal lattice into a struc-
ture with a large number of positions available for the cations. The second type of model postulates the exis-
tence of well defined independent states for cations in the crystals lattice. In the present paper we have con-
fined ourselves to a discussion of the uniform models.

2. In the case of the unipolar current model, the fransport equation has the following form (within the
framework of nonequilibrium thermodynamics [5]):

j/le=—DVc+oF/e. ‘ (1)

The values of the diffusion coefficient D and the conductivity coefficient ¢ do not characterize an individual
cation but a flow of cations arising as a result of the total concentration gradient of mobile cations Ve and under
the effect of the electric field E in the medium. The linear relationship between the flow and the thermodynamic
force has often been used to describe the electric current in doped semiconductors and electrolyte solutions; it
was normally assumed that D does not depend on the concentration while 0~c, It is obvious that if we take into
account the interaction between the cations we obtain a concentration-dependent diffusion coefficient and a more
complex dependence of ¢ on c. Thus, for example, in electrolyte solutions with a high concentration there are
corrections to the "conductivity at infinife dilution" to take into account the forces of long-range interaction be-
tween the ions [4]. With an increase in the concentration, the short-range forces also become important, For
the same reasons we must also expect a nonlinear 0(c) dependence in solid electrolytes where, with high con-

centrations of mobile cations, the dependence will be determined in the first place by the short-range repulsion
forces.

It is obvious that there is 2 maximum local concentration of cations ¢m which can simultaneously be
placed in the regular sublattice. The value of cy, is certainly limited by geometrical factors determined by the
composition of the shell and the dimensions of the cations. Moreover, ¢y can be decreased by the electrostatic
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repulsion between the cations. With cation concentrations close to the limiting concentration the migrational
flow becomes proportional to the "hole" concentration, cyy—c. Thus, when ¢ —0, 0~ ¢ and when ¢ ~Cm, 0 ~Cpr
¢. When ¢—0, D—D, which is the "single-particle" diffusion coefficient of the cations. When ¢—~cpy, D—~Dy
which is the diffusion coefficient of holes and the diffusive flow decreases since the concentration gradient
tends to zero. The dependence o(c)/D(c) can be analyzed using nonequilibrium thermodynamics. Let us now
introduce the free-energy density of the system F and the electrochemical potential of the cations u= 8F/dc:

F=F(c, @)=ce®+Fo(c); p=e®+p,(c); wo=F(c), v @

" where Fy(c) is the free energy in the absence of an external field and @ is the potential of the self-consistent
field acting on the cation. In the linear approximation [5] we have, in the absence of a temperature gradient,

2 = L() AT 1V = (eBmiy () Ve L ) T, @)

Comparing Eq. (3) with (1), we see that o(c) = ezL(c)/kT and
f(c)=o(c)/eD(c)=e{n,(c)}-, : 4

l.e., in order to obtain f(c) it is sufficient to have the expression for Ho'(c) which can be considered on the basis
of equilibrium microscopic models.

Let us look at a model of a lattice gas as an example: there are N noninteracting cations which can be
arranged among Ny, equivalent sites in the lattice. The specific free energy in this case has the form

Fo(N) =Foo— (ET/V)In{Ny! [N (Nx—N) 1]-*}.
where V is the volume of the system and Fyo is a term proportional to N. Let us use the Stirling formula and
introduce ¢ = N/V and ¢y, = Nyy/V. Then
const+uo(c) =kT {In e—In (erie)}s  fle)=c(1—c/cp)e/kT. (5)

The collective interaction between the cations can lead to a marked difference in u(c) from Eq. (5) in the
region of intermediate concentrations. At the same time we should expect that Eq. (5) correctly describes the
behavior of £ (c) in the region of low ¢ and also in the case of ¢ which is close to the limit, Therefore we can
write f(c) in the form

f(e)=c(1—c/c)E(c)e/kT, (6)
where £ (c) is a smooth function which does not go to zero when 0 = ¢ =< c.

Equation (6) will be used later to study the structure of the equilibrium space charge in a solid electro-
lyte. Simple analytical results can be obtained with §(c) = £ =const.

3. The field E is connected with the concentration ¢ by Poisson's equation and as a result of the relation-
ship of Eq. (3) under equilibrium conditions (j=0): €divE = 47re(c— Co); f(c)E = Ve, where ¢ is the effective
dielectric constant of the system. In a one-dimensional system (assuming & = 0 in the electrically neutral re-
gion where ¢ = c() the solution of these equations can be written in the form

e@=—q(c)kT; E*=8akTc,e~'[§(c)—q(c)], M
where

» € fdc e ¢ cde

(P(c)—ﬁcm, (P(C)—*—F:[-c—o?(c—). (8)

The distribution of potential and concentration along the x axis on the right of the equipotential plane x = 0 with
a specified potential ¥ is found using the system of equations (7) which specify the dependences &c) and E(c),
i.e., E(® and therefore &(x). The characteristic space charge associating the potential ¥with the surface charge
density Z on the x= 0 plane isthe specific differential capacitance
C(W)=dS/d¥ = (e/4n) AE/AD | ous.

Using Eqs. (7) and (8) we can express this in the form _

C(¥)=Co[1—c(¥)/c,| - [2{¢[c(‘1f)]+eqr/kT}']—v,, (9)
where the dependence ¢(¥)isdetermined from the relationship of Eq. (7) while Cy= E/47rLD; Lp =(ekT)? /2(47rezco)'1 %
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4. In a simple unipolar model which does not allow for saturation effects, f =ec/kT, ¢=1In c/cy, and @ =
—1+c/cy. Then from Eq. (7) it follows that ¢ = coexpi{—e &/kT}. In the case of the capacitance, we obtain in ac-

cordance with Eq. (9) the well known result [6, 7] where C(¥)= C(0) |1-expt-e¥/kT}[{2 [e¥ AT~ 1+exp(—el/
kT)I}"%2; ©(0) = c,.

. . 5. In order to study the saturation effect in an analytical form, we use Eq. (6) with £(c) =& =const and
in this case we introduce the term cy, = vey, where v>1. Then 3 =&~ Infe(v—1)/(cor=c)}; ¢ = £y In{ey (v~
1)/(e—c)}. Substituting in Eqgs. (7) and (9) we obtain '

c=go{1/v+(1—-1/v)exp[§e(D/kT]}“,

CO)V1—1/v |1 — exp(—£eW/kT)| 1
C(¥)= , 1 S o . Lo
(¥) (=T T/ exp(—EeW AT~ 5 S ¥ AT U~/ /v exp(~5eW/kT) )", (10)

where the linear differential capacity C(0)= Cy V& 1 —-1/A)= ¢ An ED5 iD =Lplta -—1/v)]"1/ . Within the limit
v — < (and { = 1) these formulae change into the result in section 4. In accordance with Eq. (10), the capaci-
tance is described by a curve with a maximum, which diminishes by a square root law in the region of large

negative and positive potentials. The position of the maximum depends on the value of the parameter v,

6. The qualitative results obtained here do not depend fundamentally on the choice of an approximation
for £(c). They are determined by the limiting properties of f(c). For example, the limiting dependence of the
capacitance C(¥) ~ |¥]-Y2 is the consequence of the limitations on the local charge concentration p = e(c—cy);
Pmin< P < Pmax [in our model Pmin =—ecy and Pmax = e(v—1)¢gl. Indeed, close to the boundary with the surface
charge, a layer of space charge is formed whose total value in the calculation is — Z for unit cross-sectional
area. With sufficiently high negative = in a considerable portion of the layer, p is close to its own limiting
value, the constant Pmax. The characteristic layer thickness is 1 ~— Z/Pmax. The field E decreases linearly:
edE/dx ~ 4TPmax, E ~ (47/€)pmax(x— 1), Hence we find the connection between the potential ¥ and the charge
Z: W—(2n/e) pmal*=—215epna, i.e., Z(¥) > —Vpuu| ¥ | -€/2x, C(‘I’)=—d2/d\1’2(epmu/8n|‘lf|)"’. Analogously, the
density p in the case of large positive Z inside the space charge reaches a constant minimum possible value
Pmins I ~=Z/Pmin, and C(¥) ~(elominl/87¥)Y2, Thus the upper and lower limit to the local concentration of
charge leads to saturation effects on both sides of the zero-charge point.* The composition between them de-
termines the position of the maximum capacitance corresponding to the minimum characteristic thickness of
the space charge (away from the zero-charge point I ~ V|¥)), When lomax! > lomin! (v > 2), the negative asymp-
totic capacitance goes higher, i.e., the maximum C(¥) must be shifted towards negative potentials. When
lomax| < 'Pmin’ (v < 2), the positive branch goes higher and the maximum lies in the region of positive poten-
tials. When lpmaxl ~[Pmin! (v ~2), we can expect C(¥ to be symmetrical in relation to ¥~0. T
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This result was obtained in [3] for one concrete model of a solid electrolyte. :
fStarting from Eqgs. (6) and (7) it is possible to show that the dependence £(c) determines the constants in the
corrections of the next order of smallness tothese limiting laws. However, the formof £(c) can affect the posi-

tion of the maximum capacitance {in particular the asymmetry of £(c) can lead to the situation where the curve
C(4) at v = 2 will not be symmetrical].
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