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THEORY OF THE DIFFUSE PART OF THE DOUBLE
LAYER IN SOLID ELECTROLYTES

Yu. Ya. Gurevich and Yu. I. Kharkats UDC 541.10

1. The distribution of the charge in the diffuse part of the double layer in solutions of electrolytes is
usually described within the framework of the approximation of the self-consistent field of the Gouy — Chapman
theory [1, 2] (Debye—Huckel [3]). In particular, the capacity of the region of the space charge C, calculated by
means of this theory, is given by a familiar expression [1, 2], which in the simplest case of an I—1 electrolyte
has the form

C=C, ch \bo/Z,. C;Ee/4nx". QL

Here, -'=(8ne’n./ekT)™™ is the Gouy (Debye) length, € is the static dielectric constant, e is the charge of the
electron, n, is the concentration (in cm™3) of ions of the same sign at a distance from the electrode in the depth
of the solution, k is the Boltzmann constant, T is the absolute temperature, and g is the potential of the bound-
ary of the diffuse part of the double layer (the ¥' potential), measured in units of kT/e.

The aim of the present work was to examine the characteristic features of the diffuse part of the double
layer in solid electrolytes. In particular, it is found that the capacity of the diffuse layer in this case differs
from that given by Eq. (1). The physical reasons for this difference in the final analysis are determined by
two features. Firstly, the concentration asymmetry of the charge carriers: The mobile species in solid elec-
trolytes are generally charges of the same sign (usually cations), analogous to those in highly alloyed semi-
conductors with conductivity of the unipolar type [4]. Secondly, solid electrolytes should show the effect of
lattice saturation, that is the concentration of carriers is limited by the fixed number of accessible positions
(cells) in the crystal lattice.

2. We shall start from the expression for the free energy of unit volume of a solid electrolyte F, asso-

ciated with cation disorder, under conditions where there is an external electric field.
NINY -

(N—n2) 10,0 (N’ —n,) In,! }
Here, ny(x) is the number of cations situated in the interstices, and the total number of interstices in unit vol-
ume is equal to N'; n,(x) is the number of vacant cation sites (vacancies), and the total number of such sites in
unit volume is equal to N (usually, N'>N, see [5] for the case where N'=N); E,(E,) is the energy of the intro-
duction (or removal) of a cation into an interstice (from a site), and E; -~ E,=w> 0 is the energy of forma-
tion of one Frenkel defect [6]; ¢ is the potential of the electrostatic field inside the crystal; the values of ny,
ny, and ¢ depend on the coordinate x; the x axis is taken as perpendicular to the plane of the crystal face, which
corresponds to the coordinate x =0, and is directed into the crystal (solid electrolyte). The last term in Eq.
(2) corresponds to the configurational entropy [6, 7]; the expression under the logarithm sign is the number
of ways in which n, cations and n, vacancies can be distributed among N' interstices and N sites.

F=E4n1+E2 (N—ng) +e(p (n,—nz) —kT ln{ (2)

In the region of the bulk charge there is no local electrical neutrality, and the quantities n; and n, are
independent. We introduce the electrochemical (chemical in the terminology of {3]) potentials of the cations
in the interstices 4 and the cation vacancies u, -
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w=0F[on,=E +ep+kT In[n,/(N'—n,) ],

. 3)
p,z=0F/0nz=—Ez—etp+kT In[nz/ (A”"nz) ].

The condition of "chemical" equilibrium, u; +1,=0, which takes account of the effect of recombination
of the cations and vacancies, makes it possible to rewrite Eq. (3) in the form

N g—eo/AT Neeo/nr 4)
'S (e—eq:/kT_1) +N’ y N2=N 'nm (ew/u'_,l) +_N .

Here, ne = n;(®)= n,(»), where ny(0) and ny(°) are the concentrations of the cations and vacancies in the depth
of the crystal, that is at ¢ =0 they are equal to one another as a consequence of the electrical neutrality con-
dition. The value of n, according to Eq. (3) is related to the parameters of the system by the following ex-
pression

Ni{=MNe

No=N'[[1+eE AT =N/[1+e~ Etm/iT] e/ (N—ns) (N'——n,,) g =/ kT )

3. We can now take account of the fact that, from the complete analogy with the Gouy —Chapman theory,
the potential ¢ (x) and the values of n(x) and n,(x) "tune" one another. This leads to a self-consistent equation
of the form .

&? 4
= eln(e)—na(9)] ®

(¢ is the static dielectric constant of the crystal) with the boundary conditions <”'x=o=¢0’ o] x=o0 = 0.

It should be noted that with allowance for Eq. (4), the self-consistent equation (6) differs from the Pois-
son—Boltzmann equation usually obtained (see [1-3, 5, 7]). The dependence of the concentrations: ny and n, on
¢ obtained in the problem being considered (see Eq. (4)) is described not by a Boltzmann distribution but by a
distribution of the Fermi type, which is at the same time physically related to the effect of lattice saturation,
as can be seen from Eq. (3). It may also be noted that the parameters of the distributions (4) of the Fermi
type for the cations in the interstices and the vacancies are different; this is a reflection of the concentration
asymmetry mentioned above.

By integrating Eq. (6) and taking account of the boundary conditions, we obtain the charge of the diffuse
layer Q: '

O PN L e ..
Q_é oj (. nz)dx—m (do/dz) ’ @
where
do 8ne ¢ "
E=——(sgn o) [Toj do (nz—-n.)] . 8)

Using the definition of the differential capacity of the diffuse layer C =—dQ/d<po, we obtain from Egs. (7)
and (8)
C— Co {e®/[1+y(e¥—1)]— e /[1+y"/(e¥—1) 1}sgn b
2 {rly(—D)HI+y " ly (e D+ * ©)

Here, Cy= £/4m”~! (see Eq. (1)), ¥y = ep,/kT is the dimensionless potential, y=n./N, Y'=nL/N, 0<y'<sy<1.
Equation (9) is exact within the framework of the model adopted.

4. We can now calculate approximately the nature of the C(y,) relationship in different ranges of change
in the potential ¢, assuming that y~!>1 and y""1>»1,

I. We assume that |¢y] < 1. Tt then follows from Eq. (9) that

+ 4 —n 5 2
e[t - - gt ;"" | (10)
. It follows irom Eq. (10) that the minimum value of C(,) is reached at z,bf,mn=6(‘y— v")/5 and is equal to
C™IR=CI1 = (y +4')/4~3(y —¥")?/10], so that C™'P< C, (Fig. 1).

II. We assume that 1< ;< In yland Iny'< Py —1 (this is possible, if y, ¥'< 1). We thenobtain from
Eq. @)

C ={ Coch (¢o/2) [1—/ye®)  for .ln YIS (11)
TG ch (9o/2) [1="/ €] for 'In y' < po<—1.
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Fig. 1 ’ Fig. 2

Fig. 1. Schematic form of the dependence of the capacity of
the diffuse layer in a solid electrolyte on the potential — con-
tinuous curves; broken line — capacity of the diffuse layer in
a liquid electrolyte (see Eq. (1)).

Fig. 2. Schematic form of the coordinate distribution of the
potential in the diffuse layer in a solid electrolyte.

In this range Cy, with an accuracy up to the small corrections given in the square brackets, is an even
function (the asymmetry is slight) and coincides with Eq. (1).

1

III. We assume that $,>Iny~" > 0 or << Iny'< 0. We then have

1

Co————lh, ‘\po>>ln 'Y_‘;
C=y 10T (t2)
Po<Iny’. '

Co T
{1 (ny"+lal)}*

It should be noted that the quantity C(,) increases rapidly in region II and begins to decrease slowly in
region III (Fig. 1).*

From Eq. (9) for ye¢03 1 we readily obtain .
CP"=0319C/Vy, Pn==In275/v; Cr™=0319C/Vy, po=—In 2,75/7".

5. From Eq. (8) it is possible to obtain in implicit form the distribution of the potential in the diffuse
layer of a solid electrolyte

‘o .
xz=(sgn o) - J'dq; (1 In[q(e*—1) +1]+y' - In[y’ (e=*—1) +1]} % (13)

We can now examine the nature of the distribution of the potential ¥ (x) along the coordinate x (o be def-
inite, we shall assume that §; > 0; the distribution for $,< 0 is analogous).

I. If || < 1, we obtain from Eq. (13) §; =P, exp(— »x). The characteristic length n, at which the poten-
tial changes is here equal to »™! (Fig. 2a).

II. If In(1/y)> 9> 1, the coordinate distribution ¢ (x) has two characteristic sections (Fig. 2b). In the
first, < 1 and decreases exponentially with the characteristic length /;. In the second, ¥,>%>1 and we ob-
tain from Eq. (13) »x=In[(¥0-1)? +1)/¥? +1)(¥1I-1)]. The characteristic length Z, for the decrease in
¥ is given in this section by the expression l,=x"1/2sh@®,/2)..

I If ¢, >>In-y"1, the distribution of the potential has three characteristic sections (Fig. 2¢): 1) < 1;
2) 1<y<Iny~Y; 3) In y "'« < ¢ Insection (3) we obtain from Eq. (13) rur=tpo—Vpuzs/Vy+ate/4y, L=Y oy - %~
The other two sections are enalogous to those considered above.

It should be noted that I, decreases with increase in ¢, and I,< I,, whereas I, increases together with 3,
and [ 3> I,. This naturally corresponds to the dependence of C on ¢, found above, with allowance for the fact
that we alwayshave C~Cgn~ 1!, where I gives the dimensions of the region of the bulk charge.

*It should be emphasized that the "inflections" on the C(J,) curves are here related to the effect of lattice satu-

ration, and not to the influence of the capacity of the compact part of the double layer (see, for example, [8]); the
last effect, in particular, does not determine the dependence of C on #, at high values of lzl)o, .
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6. We shall deal separately with the case where n,/N=1v =1, which may correspond to solid electro-
lytes with an extremely high bulk concentration of mobile carriers. Since usually N'>N, it follows that y'< 1.
The asymmetry noted above is here revealed most strongly. Thus at 3> 0, the region II, which corresponds
to 1< ¥,< Iny~}, is "compressed", so that region I in fact adjoins region III. At the same time, for $,< 0,
as before, there exist three characteristic regions. As y approaches unity, the quantity C{nax decreases, and
the curve C(y) in the range ;>0 is flattened. In the limit y=1, a maximum is not observed (see Fig. 1). If
in addition we have, formally, N'/N—e (or y'—0), then C(@,) decreases monotonically for all values of ¥q and
is given by the expression
’ C, (1—e %)
which coincides with the expression for the capacity of alloyed semiconductors having conductivity of the uni-

polar type [9]. Thus the limit y=1, v'=0 corresponds to the unipolar model of solid electrolytes. The sym-
metrical case y=+' was examined in [10].

C (o) = (14)

In conclusion it should be emphasized that although the details of the behavior of the capacity examined
in the present work are related to the choice of model, the main results obtained, namely the effect of lattice
saturation and the asymmetry of the dependence of the capacity on potential, are evidently sufficiently general
in character. These effects should also be revealed in the kinetics of charge transfer through the boundary of
a solid electrolyte.
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