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The use of the mathematical methods of the quantum field theory for the study of a number of perturbation
theories dealing with multi-electron atoms has proved quite fruitful [1-3]. On the one hand it has made possible nu-

merical calculations of the energy, probability exchange, etc. [2-4] and on the other it has been used for the inter-
pretation of atomic spectra [5, 6).

The complete procedure has been thoroughly reported [3] in which the energy shifts for various degenerate
levels of multi-electron atoms have been calculated. This procedure depends upon the determination of the energy
shifts AE through the solution of a specifically constructed system of secular equations with a secular matrix M, the

matrix elements of which are found from the sum of the contributions from the corresponding atomic Faymanov dia-
grams.

In this note we describe héw to carry out the procedure for the compilation of the contributions from these dia-
grams using as a specific example the calculation of AE for the % term of configurations 15%25%2p and 1s%2p® of the
boron atom, a diagram of the second order; it is always necessary to perform the preliminary details of the general
procedure before doing concrete calculations of the energy shifts for any term of every configuration. If the elec-
tron interaction is not taken into account, then the two states 1s%2s%2p %P and 1522p® 2p have the same energy, i.e.,
in the null approximation the %P term is doubly degenerate,

It is useful to express the energy shifts for the specified state in the form

AE; (1s22522p ?P) = AE,(1%1S) + AEy (2522p2P),
AE;(1522p*2P) — AEo(15*'S) + AEy' (2p32P),

where AE(ls,2 lS)

M (s’p; s*p|AE") M (s*p; psIAE')) 4 (82P)> — AR (C (szp)>
( M (p% s°p|AE") M (p* p*| AE") <C(p3) - c@)’

where the detailed symbols refer to the matrix elements of the matrix M(AE').

We will show how to calculate the matrix elements of the secular matrix M(AE') using as an example the ele-
ment M(s’p; pslAE'). It is found as the sum of the contributions from the corresponding diagrams, The diagrams in
each order are distinguished by the number of outer lines (2, 4, 6, etc.). The number of outer lines must always be
less than or equal to twice the number of electrons in the outer shell of the configuration; for example, in the given
case, diagrams only with 2, 4, and 6 outer lines are considered. The principle of compiling the contribution from
the diagrams, the number of outer lines of which is equal to twice the number of electrons in the outer shell, is il-
lustrated below. The. contribution from the diagrams with the number of outer lines less than twice the number of
electrons is expressed through the contributions from one and the same diagram and for the case when twice the num-
ber of electrons in the outer shell coincides with the number of outer lines.
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-t For example, for any diagram of the second
order with four outer lines (we will characterize the
contribution from it as MO) we have in our case

Mp(s?p, p?|AE") =

Fig. 1 g(s’p2P; s21S; p*1S, p*2P) Mp(s21S, p21S|AE).

The cdefficientsg do not depend on the interac-
tion and are calculated through the corresponding gen-;
ealogical coefficients; tables of g coefficients must be
~ set up beforehand [3].

We will now consider the diagram shown in Fig.
1 and work out the contribution from it to the matrix
element M(s’p; p3| AE') which we are considering,
This contribution is the sum of the product of the fac-
tors drawn up from the following three diagrams; ra-
dial, orbital moment, and spin (cf. Figs. 2, 3, and 4).

Contribution from diagram = 2 radial factor X
orbital moment factor X spin factor.

The summation is carried out: (1) using all pos-
' sible arrangements of moments on the lines of the dia-
" gram; (2) using all indices of the intermediate terms;
~ (3) using double indices ng? y; 4) using indices 7and 7'
from 0 toea

12

Vi3 { The radial diagram with the indices arranged on
it is shown in Fig, 2. The arrangement of the indices
on the diagram is ambiguous; for example, on the left
intermediate double line we may put other indices
252p p', 2s2p 1Pt The arrangement of the indices on the other lines of the diagram will change correspondingly.
When we compile the contribution for the diagram with the given arrangement of indices, we must sum it over all
possible arrangement of indices including all indices of intermediate terms standing on the intermediate double lines.

Fig. 3 Fig. 4

The radial factor with the appropriate diagram is drawn in Fig, 2 with the arrangement of indices as shown in
the diagram and after some simplification has been made, is of the form
—18R,(2020; ny121) R, (n421; 2121) 8——:‘—@—, X (s2p 2P {| s* (18) p2P) (p? (1S) p 2P |}p° *P),
Nt
where g = -1/2 ny%. The radial integrals are compared with the quadruple vertices and genealogical coefficients
with the triple vertices. :

The orbital moment diagram is depicted in Fig. 3. It is obtained from the radial in the following way: (1) we
join the outer double lines; (2) we replace all double and dashed lines by single lines; (3) we leave on all lines those
indices of moments which stood on the corresponding lines in the radial diagram. The rules for the combination of
contributions from the orbiral moment diagrams are the usual ones [7]; we shall not dwell on them. Taking advant-
age of the fact that we may divide the diagram in Fig. 3 in two places by three lines we readily obtain for the orbital
moment factor from the given arrangement of indices of moments that
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The corresponding spin diagram is shown in Fig. 4. It is obtained from the radial as a resuit of the following
transformations; (1) we reject all dashed lines and change all double lines into single ones; (2) on all lines we put
those spins which stand on the corresponding lines of the radial diagram, The principle of drawing up coatributions
from the spin diagrams is the same as that for the orbital moment diagrams [7]. After some simplification,

we may
obtain at once for the spin diagram, shown in Fig. 4, that the contribution from it is equal to two.

We will now write the final contribution for the diagram in Fig. 1 in the matrix element M(s?p, p3|AE")

‘ 1
2 2 R(2020; ny121) Ry (my121; 2124) —

— AE’
mMELe ™

+ V2 (254 5543V E 4 15V T5) 3 R, (2020; my024) A, (my020; 2121)

N gy
X - _1AE, " 122 (204+-5V5—9V3—15V15) D) R, (2120; n021)
Ny TEEG,
X By (1,020; 2121) —— |

Here already are the expansions of the genealogical coefficients. ggis the combination of the unoccupied
single electron state, including in itself both the state of discrete spectra and also the state of continuous spectra,

The expression is cbtained as a particular case from the general expression for the contribution from the dia-
gram in Fig, 1 for the matrix element

M(nolanolbnolcSL; noldnolmnothL l AE,) N

where nolonolpngl: and

are the arbitrary interacting three electron configurations and SL is the term
of these configurations,

We write this contribution

(__1 )S+a/,+ LYy (Lt +1 ld'i-lm+lk)6svz " 6 Z Z Z 2 Rz (nola,nolb; n1l1nold) :
S’L* nd,eg, 17
gL »
X Ry (nadangly; nolmnoly) Ualal] Uola] [L0:0] [2.0,,0]
X (Ualol o SLA |11y (S'L') L SLY (LLyS'L {| 1, (S"L7) 1,S'L")
X (L (STLYY GS” LT |} glS™ L) (4l (S” L) 1, SL |} talilmSL)
X+ OV 2+ AV T AV, AV~ 1V 2, F 1V 2, + 1

X VI FAYV2S F AV +1Vas" + 1 é_1—M dsr5m iy

{zaldl L'L”’l’} L’L”’l'}
X llsz'} { g { ImloL |

The first summation is derived for all possible arrangements of the indices of the moments. The expression
insquare brackets denotes 3-j Vigner coefficients with zero projection of moments.

To carry out numerical calculations according to the perturbation theory to the second order inclusively by
the process described above, it is necessary to compile standard tables of contributions for all diagrams of the first

and second order.
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