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In this paper, a study is made of the effect of slow nonradical reactions on the conditions for the existence of
a stable steady state in the chain process. We shall consider a process participated in by a single type of radical,
including three reactions—of first, second, and third order in the concentration of the radicals.

The dimensionless concentrations, 7,0f radicals, and ¢ of molecules of the initial substance, and the dimen-
sionless temperature 6 in the reaction zone V are given by the system of nonlinear equations:
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where L, L', and L are second~order differential operators. Inthe absence of convection L = V2 and in a steady-flow
reactor, L = VZ—Pw(x)V, where w(x) is the dimensionless flow rate (with the scale wp) at the point x, P = wol/D is
the Péclet number, ! is the linear scale, and D is the diffusion coefficient of the radicals, The operators L' and L
are of the same form, but with the Péclet numbers P' = wyl /D' and P° = wyl/%, where % is the thermal diffusivity
coefficient, and D' is the diffusion coefficient of the molecules.

We shall assume that the temperature dependence of the reaction rate is given by the Arrhenius equation, and
that all three reactions go by double collisions. The dimensionless variables £ and 6 are chosen in such a way that
the boundary conditions for the system (1) are homogeneous: ¢ = (c—-co)/ cp, 0 = E(T—To)/ RT(;Z. Then:
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where c is the concentration, T is the temperature, k is rate constant of the reaction; the subscript zero denotes the
value at the boundary (taken as the scale), v is the stoichiometric coefficient of the radicals, and the upper index in
parentheses shows that the quantity in question refers to reaction of second or zero order in the concentration of radi-
cals, while for the fundamental reaction (first order) this index is omitted. y is the specific heat of unit volume of
the reacting system, R is the gas content, E is the activation energy of the main reaction, and q is the heat effect.
The temperature dependence and the heat effect. of the remaining two reactions, as well as the effect that they have
on the burnout of the original material and the back effect of the latter on the rate of the reactions are not consid -
ered in Egs. (1), so that not all the effects show up in this approximation, although it is sufficient for our purposes.

Since reactions involving only stable molecules go much more slowly than radical reactions, the quantity &
may be regarded as a small parameter. The unperturbed nonlinear system found from (1) for ¢ = 0, has been inves-
tigated previously in [1]. This sytem always has a trivial solution which is stable for A < A, where X\, is the small-
est eigenvalue for the operator L in the region V with the boundary conditions imposed on 7.
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For) > A there is a stable positive solution of the unperturbed system if the following inequality is satisfied:
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where @((x), ¢ o* (x) are the normalized eigenfunctions of the operator L and the conjugate operator L* corresponding
to eigenvalue Ag, and:
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where K°(x, £) and K'(x, §) are the Green's functions of the operators L® and L' in the region V with the boundary
conditions for 6 and ¢ respectively. If the inequality (2) is not satisfied, a positive solution exists for A < Ay and is
unstable, while for A > X, there are no stablé steady-state solutions (explosion region).

Starting with the solution of the unperturbed system, it is possible to calculate the solution of the system (1)
in the form of a series in the small parameter ¢. The expansion coefficients are found with the aid of the correspond-
ing equations in variations, and if the latter are solvable,the solution (1) obviously differs from the solution of the un-
perturbed system by a quantity of first order of smallness in ¢, and maintains its stability. In the vicinity of the bi-
furcation point X = X, however, this path does not lead to the goal, since the dependence of the solution of the sys-
terrj_(_l) on the parameter & ceases to be analytic. In this case, a solution may be found by means of an expansion
inYe.

In the vicinity of the bifurcation point, the second and third equations of the system (1) always have a unique
solution [1], £ =R'n, 6 = R'%, where R' and R? are resolvents, with, to a first approximation:
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Accordingly, the system (1), for A nearly equal to Ao, may be reduced to the single equation:
Ln + A[f(Rm, R'njn + pw? + &] = 0. 4

Assuming X = Ao(1 + 6"-8_), n = 571(1) + sn(z) + ... and expanding f(R'n, Ron) in Taylor's series, we have,
to a first approximation:

Ln(i) + Mn(ﬁ = O’ (5

from which n(1)= APy, R'n(l) =—olgig, Ron(l) = ahy,’. The constant o is found from the solvability condition for
the second-approximation equation:
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We find
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where the quantity a is givenby(2) and bs Vj:(po" (z)dz. Itmaybe seen from (7) that for a > 0 and & < —o'ab there

are two positive solutions—one decreasing and one increasing with increase in 6. For a > 0 and 6 > —27ab, there are
no positive solutions. For a < 0, the two solutions have different signs, and change sign at the point 6 =0 (i.e.,

A =Xy, while the positive branch of the function o, (8) is a smooth curve. It is easy here to see the qualitative agree-
ment with the solution of the unperturbed system.
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The number A* is a branch point [2] of the nonlinear Eq. (4), if the linear equation

. a ’ ’
Ly + A [n-dﬁf(R N, R) + f(R'n, R°n)+2pn]y=0 (8)
has a nontrivial solution. Using the approximate solution 7 = Ven(® obtained above, we find, to a first approximation
A" = k(1 — 2¥abe). (9

There are no branch points for a < 0. If a > 0, the branch point defined by (9) is the explosive limit, above
which (\ > A ™) no steady-state process is possible. The corresponding limiting radical concentration is given (to a
first approximation) by
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We shall consider a simple example. let L = d¥dx? and Nn=¢&E=6 =0forx=0andx =1 (plane vessel with
no convection). Then X, = 7%,
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and Egs. (9) and (10) give:

M= n2(1—2.08Ve(h—g I ), m = h—%e—psinnx.

The results obtained may easily be generalized to the case of a complex process involving different types of
radicals and stable substances. The over-all governing principle is as follows. The conditions for the existence of
a stable steady-state process are most altered when slow nonradical reactions come into the picture. If an explosive
region exists in the unperturbed system, and there are slow reactions going at a rate of order ¢ under conditions such
that there is a bifurcation point in the unperturbed system, the effect is to shift the explosive limit by an amount of
order Ve. The limiting radical concentrations before explosion are of the same order. All these quantities may be
calculated from formulas similar to (9) and (10), but with another set of values for the comnstants a and b.

The results just presented are also immediately applicable to autocatlytic reactions that are most chain-like
in nature.
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