-

THE STABILITY OF THE STATIONARY STATES
OF ELECTROLYTIC SYSTEMS

A, Ya. Gokhstein

Institute of Electrochemistry, Academy of Sciences, USSR '
(Presented by Academician A, N, Frumkin, October 27, 1962) L
Translated from Doklady Akademii Nauk SSSR, Vol. 149, No. 4,
pp. 880-883, April, 1963

Original article submirted October 27, 1962 |

Nonstationary period effects resulting from breakdown in the stability of the stationary state have recentlybeen
observed in nonpassivated electrolytic systems [1-5]. The circuit current, i, of suchsystem passes successively through
an electrolyte of active resistance r and an elec-
trolyte—electrode interface, S, at which a substance
A is discharged. The simplest case is that in which
the substance A plays practically no role in current
transfer through the electrolyte, being fed to the el-
ectrode by diffusion through a layer of depth I, in
which its diffusion coefficient is D. The concentra-
tion of A at a distance x from an electrode of unit
surface area at time t (0< x<I, t> 0); will be repre-
sented by c(x, t); e, t)=c=const; cx(0, t)=ig/nFD,
where nF is the electricity consumed per 1 mole of
A discharged. The discharge current, ie, depends on
the potential drop at the interface S: ig (¢)=cp (¢);
p(¢)> 0 being a single-valued differentiable func-
tion, and c=¢(0, t). Thecapacity of the double
electric layer at the interface S will be designated
by a(¢). i=ie+iq, where iqg=qde/dt. The potential difference at the ends of the circuit,_y, will be considered con-
stant and ir+ ¢ =v,

Fig. 1, a) 8, I =const, o = const; b) &, & =const, I # const,

1. Canonical Form of the Stationary State Equation, The stationary state, 0(¢,, cq, i) (Fig. 1) is determined
by the following conditions [3): iq=0, ig=ie =(v—®4)/r=G(C—cy)., where G =nFD/I> 0; ¢, being a root of the equa-
tion i(¢) r+ ¢ =v, in which iy(?)=GEAL+ G /p(¢)]; co=c(®y). and c(¢)=(v—¢)/1p(¥). Having fixed the stationary
state 0, we will now introduce a quantity f defined by

f o i—io — (v — @)/r —(v—"po)ir — 1 P — ¢

= - =i 6

c—co ¢ (9) — ¢ (Po) roc(g) —c(go) ’

this will be designated as f(u), where u=c—cy, or as f(¢). It can be readily shown that the stationary states of the
system are marked out by the roots of the equation uf (u)=Gu. In the case of a unique stationary state, f(u)#G for

any u(¢) other than 0(¢,y). It follows from Eq. (1) that where o
, _ 1 1 P(@)  _ p(Po)
==(1+ cqp'yr). f((Po) = Few - I For @r o’

f(®g)> 0 is a necessary and sufficient condition that the inequality f(¢)> G apply in the neighborhood B\ ¢,
®@={¢: c'(¢)>0}) of a unique stationary state. Sufficiency. Equations (1) can be used to show the existence of
values ¢ and ¢p such that (@) is continuous over the interval (Ym. ¢n) and f(@)—> when ¢ > ¢m+0, and
@ ->@,—0. The continuity of f(¢) over (¢, @p) implies that f(¢)> G when ¢ €{ (¢, ¢y)\¢}. In the contrary
case (f(¢)=G) there would be at least one value of ¢ €(¢m» ¢n) differing from ¢, for which f(¢)=G and this would
contradict the fact that ¢, is unique. The rest follows from the fact that 8X(¢m, ¢pn). Necessity. If f(#)>G in the
neighborhood of ¢, it then follows thatlim f (¢ #) =G> 0. If ¢, isnot unique, there is a possibility that 0<f (¢0)<G.
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The function f = f(@) is single-valued, according to Eq. (1). The function f = f(u) may not be single-valued, but
as long as ¢ €8, f = f(¢) will correspond to the single-valued branch of f =ftu), ué{u: ¢ €8} W(P)=c'(¢)> 0 when
¢ €5]. This branch of f(u) will be used in Section 2,

2. Distributed System with Diffusion Layer. We will consider the case ¢=0, which may arise in physical
models of the electrolytic system. The problem c;=Dcxx(0<x<1, t> 0), cx(0, t)=i/nFD, (I, t)=c, c(x, 0)=¢y
+(Cx)y X+ v (x), where ¥(x)}> 0 isa small perturbation, can be reduced to the form ug =Duyy, ux(0, t)=‘-uf(u)/lG,
~uw(l, t)=0, u(x, 0)=v(x) by introducing the change in variable u(x, t)=c(x, t)—co- (Cx)ox 2nd taking account of Eq. (1).
The associated source function Q(x, &, t) can be used to set up an integral equation in u=u(0, 19

4 t

u={v®Q©5nd—D {1Q(,0,t—dr=

0
t

=)+ =« LK@= dr, 2)

0

1 A (kD)2 :
VE:Tt[ I+ 2; (—1)*exp— Dt ] » 0<Cn (t) <maxwv(§), n({—o0)—> 0, we will not consider the
=1

solution of the companion problem #iy = Diixx, #ix(0, t)=—hii(0, t), u(Z, 1)=0, i(x, 0)=v(x). Separation of variables
leads to characteristic values, jt, determined as the roots of the equation htan lz=2z; Y& =2. There will be not only
real roots but purely imaginary roots as well whenhl >1; z=41ip, p =—p? these corresponding to unlimited increase
of the function (0, t). Lethl =1+0, 0> 0, and v(x)=¢€ [exp p (2l —x)—exp pxifexp 2pl —11=¢&. Then a(x, t)
=v(X) exp Dpzt, u(0, t)=¢& exp Dpzt. The function (0, t) must also satisfy the equation

- K®)=

¢
E=n()+( +o) 7 \uK (¢ —7)dr.

1]
We will compare this relation and (2) as equations with kemels (1+ o)K and (f /G)K. A representation of solutions
through resolvents shows that §/G=1+0> 1 is a necessary and sufficient condition for u=i, that is to say that f(¢)
> G. where ¢ €B\¢,, assures instability of @, with passage of @ beyond the limits of B.  The state ¢, is stable if
f(¢)=G within a certain neighborhood of @y. From this and the property of f(¢) developed in the preceeding Sec-
tion it follows that a unique stationary state @ is stable whena <0 and unstable when o> 0. Both possibilities are
open when o = 0; the problem is then to be solved by a similar comparison of f(¢)and G,

3. Distributed System with Diffusion Layer and LumpedParameters. A. Asystem witha diffusion layer of depth
b and non-null capacitance g concentrated at the point x=0 (the treatment would be the same for a greater number
of parameters, capacitance and inductance, for example) is described by the equation cy(X, )= Doy, (x,1)(0 < x< 1,
t> 0) with the conditions cx(0, t)=¢(0, t) p (¢)/0FD, Lq(@)i(t)+ (0, t) p(¢)]+ () =V, c(l, t)=c, c(x, 0)=cy+(Cx)oX
+v(x). Let p(®)=pg+Po(?— Po)+ p0(<p—<p0)2+ ... and 1/q(@)=1/09+(1/Q" )¢ — @g)+... . In the new variables, u=

= (X, t)=Cco—(CxloX, M=~ T =t/1qy, ¥ = x/¥TqD, N=1 /{1q,D, where T and y are dimensionless, the problem
takes the form:

dm/dx = am - Bu + O, (um) |y=o» Ou /0y =1vm + du + O, (um) |y—o,
du | 0t = 0%u [ dy® 0<<y<<h, t>0); (3)
o =—(l +coper)s B=—1pos 1=V 7qeDeopo/nFD,
8 =V rqeDpo/nFD>0.
The linearized problem obtained by eliminating the members O, and O, will be designated as 3L).

It is readily sHown that arelation of type By —ad = & applies to the variables a, 8, 7, and & in an electrolytic
system or in any system similar to an electrolytic system. The expression for 8 will now be multiplied and divided
by I (S—cg): to obtain & ={ pocd(C/co)—11/[nFD(c— co)/11} V19D /L. Since pyCo=ig= nFD (S—cy)/1, it follows that
& =(x —1)/\ where X 2c/c. ' '
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B. We will investigate the trivial solution of (3L). We_ will make use of the integral representation (Eq. (2),
first equality) with the substitutions t=7, I =X, D= 1. To this and the first two equations of (3L) we will now apply
Laplace uransforms. After eliminating & {m ()} and finding that £ {K (1)} = th (A V's)/ V/’s, one obtains

a(s) = L0, = C=DEO=1mEHOMAYH/ VS

8 Vs s—a -
2 (s+m>(.6_ = +mvs))

__ b b
@(Vs,h) w(Vsa

Here. @ (2, 1) = — (& gi—?o +thAz), w(z,h) = —[g(2) e — g (—2)e7], o= (Br—ad)/d, gz
=23+ 822—az+ wd; o, 8, w, and  are real and t(s)=2{n ()}. The function a(s) is asingle-valued sum of trans-
forms. Since at sufficientlylarge Re s> N Vs (s—a) As+ w)8>|thA V5| , it follows that a(s) is regular when Re s> N;
and that a(s)-> 0 is uniform in arg s when l s| =(k1r/>\)2 and k— », Then[6] (0, 7)=...+ resspa(s)exp skr + ...,
where residues are taken relative to the sk which are zeros of (vs, A). The function u(0, 1) is bounded when
Regy =0, ie., when 2, =}/s, €P = {2: |argz| < m/4}. Thus a necessary and sufficient condition for stability
of the solutions u(y, T )=0and m(r ) =0 of the system (3L) is
Imz 24,7290 that the region 0 = {z: argz| < /4} contain none of the
-’7\\ 33 zeros of w(z, A). Replacement of m(r ) in system (3) by a
vector function and alteration of the condition on u at the
5 A y=0 boundary would affect the order of the polynomial g(z);
03 2000 Y d ! —g(—z) is identical with the characteristic polynomial intro-
22366 1B /1 ][ 3 duced by A. N, Tikhonov in his treatment of the case A=oo[T].
m A 4
\6 At C. Notonly z=zy, but also—z,, Z,, and —Z, are zeros
02 IDA ~:§B 11 of the fun;tion w(x, A). The equation A(z, A)=0 gives the
ol Bus implicit form of the relation z=2( \), dz/dX showing dis-
continuities at A values corresponding to multiple zeros of
J H w(z, A). Let z, be one of the zeros of g(z) and Re zg> 0 (it
3 is clear that the solution u =0 is stable if there are no such
zeros). We will designate by z(A)far z(A, o)} the zero of the
function w(z, X) corresponding to zg: 2( )\)—>.zg when A — oo,
The function w(z, A) has not only the zeros z(\) but also cer-
: ‘J;—_‘g;;‘ff" SR 4 : ey tain purely imaginary zeros as well when 0< A < » but these
L LS O P T ‘ have no effect on the stability of the solution u=0. At small
Fig. 2. w (2, N)=(1/2)[g (x) eM—g=z)e" 21=0;  valuesof A, ) (A) ~V (& — dah) /(1 - 0h);

=234 62— S w=1-8=Y .oq0=0 1/ 2
8(2)=2"+ 8z°—az+ wd; w=1; & =4y =0, Y, %,. (d2]dh),_ye = — 8 (0 + ©) 2V and 20y T
when A—0. Thus when o> 0 and the value of A is suffi-
ciently small, A 2z (A) €%, and the solution u=0 is unstable. The position of the z( A) curve in the z plane de-
pends on the parameters a, §, w. Furthermore (3) and the relation 8 yY—ad =6 show that w=1 whend > 0. We will
consider the change in z(\) as A diminishes from « to 0 at fixed o, z=2z(A, a) (Fig. 2, where & =1/30, w=1, and the
trajectory of the zeros of w(z, A) is shown by the full curves). The segments of the z(X, a) curves falling in the P
region (hatched) correspond to those values of A for which the solution u=0 is. unstable. 1) o =0; as A diminishes
from « to 0, the curve z(A, 0) at first asymptotically spirals around the point z(«, 0), then meets the axis of imagin-
aries at A\, =2.90 and runs along it to z(0, 0)=0 (M=0o/wé =0). When =0, u=0 is asymptotically stable for any
0< A=, 1) a=0.1; the point z(», 0.1) and part of the signal (7.3< A<«) are located in . At A=7.3 zZ(\) passes
out of P, meets the axis of imaginaries at Ay, = 3.66, moves along it to z=0 (Ag= o/ wS =3.00) and, entering ¥, once
more, moves along the axis of reals to z(0, e)=v o=0.316. Thus for ot=0.1, u=0 is unstable for 0< A < 3.0 and
1.3< A <=, and asymptotically stable for 3.0< A< 7.3. The number of successive intervals of stability and instability
in the region 0< A <« increases indefinitely as o varies and the point z¢°, o) approaches the boundary of { (the
line Im z=Re z). 3) a=0.2; the entire segment of the curve z(A, 0.2) from the asymptotic point z(, 0.2) to z(0;
0.2)=470.2=0.447 is located in P; u=0 is unstable for any 0 =X =« and remains so with further increase in o. Thus
there is an intermediate region of values of the parameters o and & in which stability and instability in a fixed sta-
tionary state u=0 alternate as the depth of the pre-electrode layer, I, is reduced.
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There are certain differences in systems without capacitance (Section 2) and systems with capacitance (Sec-
tion 3): a) In the first, the stationary state can be stabilized by reducing I (u=0 is stable if f(0)<G =nFD/; b)

with complex values 2 (00, @) €% and sufficiently large I in a system with capacitance (Section 3), u begins to
vibrate and passes out of the stationary state,
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All abbreviations of periodicals in the above bibliography are 'letter-by-lettet transliter-
ations of the abbreviations as given in the original Russian journal. Some or all of this peri-
odical literature may well be available in English translation. A complete list of the cover-to-
cover English translations appears at the back of this issue.
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