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In a series of papers [1-4] Levich and Dogonadze developed a rigorous quantum mechanical theory for the
oxidation—reduction reactions involving like-charged ions in solution. A specific case of electron exchange be-
tween ferrous and ferric ions in water was examined. It should be pointed out that only the mechanism of oxida-
tion—reduction reactions involving electron transfer was investigated in those papers so that the equations derived
there for the activation energy, free energy of activation, and the rate constant are not applicable to reactions pro-
ceeding by a different mechanism (such as proton transfer reactions).

Particularly interesting are the equations derived in [1-4] for the high-temperature approximation, kT > Hiw
(the physical meaning of the frequency w is discussed in detail in the review article [4]). This approximationyields

an equation for the specific rate constant ky; which outwardly resembles the well known equation in the theory of
the absolute reaction rates,

o“
b= 2T nexp (—420). 8
Instead of expanding the exact quantum mechanical equation for the electron transfer probability in a power
series of Hw/ KT, as was done in [1-4], we will use right from the start a semi-classical approximation in which the
electron is treated quantum mechanically and the solvent classically. In addition to its simplicity and clarity the

semi-classical treatment has the advantage (and this is perhaps the main reason for doing this work) that it can be
used to calculate ky, in an adiabatic as well as a non-adiabatic electron transition,

For the solvent we will use the classical Hamiltonian
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where qy, are normal coordinates and py are the comresponding velocities, The Hamiltonian Hg can be represented
as a 2N-dimensional parabola in phase space (N is the number of degrees of freedom of the solvent), Consequently
the mathematics involved in computing the transition probability become very tedious. However, it is possible to
replace an N-dimensional parabola representing the potential energy in the Hamiltonian (2) by a one-dimensional
parabola. To show that this can indeed be done we will examine the two Hamiltonians (see Eq. (33) in [4])
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which are the unperturbed Hamiltonians for the entire system averaged over the initial and final wave functions of
the electron respectively. We will translate and rotate respectively the coordinate system in Eq. (3) and (4) in such
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a way as to have point q?(cc at the origin and point q?(B on one of the new axes, The transformation will convert
Eq. (3) and (4) to
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Equations (5) and (6) show that the transfer of an electron from one ion to another shifts the normal coordinate

of only one oscillator and hence one can assume that each electron interacts with only one oscillator. Choosing the
simplest case we will examine the "resonance™ exchange where Iy = Ig = Iy (Fe**— Fettt).

To determine the electron transfer probability by the semi-classical treatment we have to solve the wave
equation

iAY
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where (for notation see [4]):

H=H () +Ves(t,m) = Hy (1) + Uz (1, R) + Vs (r, M) =
= Hop (r) + Ur (r, R) + Vs (1, M). (8)

The electron wave functions in the initial and final states can be determined from the equation

[Hel,z + Vsl Yo, p = Eq, pYPa, p- — (9)
Using He, B in the form given in Eq. (5) and (6) we get

e« = lo; & = lo + Y2hiony — Romnom, (10)

while the corresponding electronic energy functions’ are:

Uz = lo + Yehon?, Up = lo + Yol (n — no)®. (11)

We want a solution of the wave equation (7) in the form

it
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Substituting this expression in Eq. (7) and multiplying first by 48 then by IPE and integrating we get two equa-
tions for the functions agc (t) and ag (t):
ilip dagldn = L& ap;  iip dapldn = L g + (ep — ©a) dp, (13)
where L = Sxp; Unpgdr — is the exchange integral and p = dn/dt is the classical velocity along the oscillator

coordinate 1. The system of equations (13) can be combined into a single second order equation

d%a . F da, lL‘(fg | 2
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where 71 is replaced by a new variable x = 11 of 2= n-n* and F stands for Bwn,. It can be readily shown that n*
is the point at which the two energy functions intersect, Ue (1*) = Ug (1*). If we solve Eq. (14) with the boundary
condition ay = 1 when x —— =« the electron transfer probability in a single crossing of the system through the inter-
section point x = 0 can be determined from the equation we = 1- | aa(+°°)| 2, We will not bother to give all the
steps involved in solving Eq. (14) but will present only the end result [5]:
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The total transfer probability is obtained by multiplying we by the probability that the system will cross the
intersection point 7® in a unit interval if it moves at a rate between p and p + dp and then integrating over all pos-
!
sible rates: 4 5

+oo .
wie = \ wewsdp. (186)
—00
To determine wg we have to remember that the system will cross 7* in the time interval dt only if the oscil~
lator coordinate lies between 7* and 7* + pdt, Hence

BT (17

Normalization requirements yield A = i/ 2rkT. It can be easily shown that }; fwn*? gives the activation
energy AE* (see Eq. (48) in [4]) and thus Eq. (17) can be rewritten in the form

widp = A exp {_ Yaho (1* - pYe?) }p dp.

_ klel o apemr pY2okT
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The equations derived before [1-4] were based on the perturbation theory, Whether the perturbation theory

is applicable or not will depend on how small We is, or more specifically with reference to Eq. (15) on the condi-
tion that

on | L3 |2/hF|p|<1 (19)
The approximation being made is that
we = 2 [LE|%/AF | p). (20)

If Eq. (20) and (18) are now substituted in Eq. (16) we get an expression identical to that previously derived
for wy, (see, for instance, Eq. (45) in [4]).

Of particular interest is the limiting case reverse to that represented 'by the inequality (19)

2 |LG|2/hF |p| > 1. (21)
The new approximation is that wg = 1, so that
o
W= g S peBIROTdp = o AR, (22)

The results make the following renzarks impera t1ve The equations reported previously [1-4] were derived

" on the assumption that the perturbation LotB is small (see Eq. (19)]. In such cases the electronic energy functions

can be presumed to intersect. Consequently the electronic transition should be regarded as a non-adiabatic jump
of the system from one electronic state to another. But if the operator L(oc)B is large enough to satisfy condition

(21) the functions can not intersect and must diverge (as shown in figure). The electronic transition would in this

case have to be treated as an adiabatic transition of the system from one potential well into another with the sys-

tem always resting at the lowest level. A critical parameter which defines the applicability ranges of various ap-
proximations is

BF |p|/2n =~ ko VET AE" = L. (23)

If the exchange mtegral | Loc B l * Ley. Ed. (22) holds, in the reverse case the equations derived before [1- 4]
hold. Since the value of the exchange integral depends on the distance between the reacting ions R, the parameter
Lo defined above determines the critical interionic distance Rep

As we have shown before (see Eq. (75) in [4]) Ky, and wy, are connected through the equation
[e o]

by = 4nS wypexp(— as“;’kr) R2dR.
o

(24)
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Substituting Eq. (22) in (24) and using the theorem of integral averages we get

in 53 © ¢ AET \ kT ;  AF*\ 4n 5

ke = 5 RO gexp (— ) = F-exp (— 57— ) 7 R* (25)

The free energy of activation AF™ can be evaluated by using a rigid con-
ducting sphere as a model. According to Marcus [6]R= 6.8 A, For such a R one
would reasonably expect that &5 = 60, If we therefore use the formula given for

# o Pl Ge?

AE” in (4], AEgeof- T S[Dg — D32 dv —{—ES‘E ’ we get the value of 11,5
kcal/ mole for the activation energy. To determine the entropy of activation we
have to know w, If we use for w the twisting vibrations of a water molecule we

get a w = 10" sec™ . This yjelds a AFEeor = 15,1 kcal/ mole, Combining the
calculated results we get a kgleor = 49 liters/ mole - sec. The known k§P* for
this reaction has a magnitude of several liters/ mole - sec. The overly large
theoretical rate constant may be due to the fact that condition (21) doesnot rigorously hold. However, considering
how crude were the approximations made in our derivations the resulting value of kg €OT. = 49 1iters/ mole * sec

seems very good,
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