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In the present paper we have considered the
possibility of deriving expressions for the ampli-
tude for rearrangement processes from the gen-
eral quantum mechanical theory of multiparticle
scattering for the case in which the kinetic energy
of the dispersed fragments is small compared to
the excitation energy of their highest levels. Such
cases occur in various inelastic atom-molecule
collisions as well as in chemical reactions and low-
energy nuclear reactions, We represent the scat-
tering process with rearrangement (reaction) in
the steady state symbolically in the following way:

(1,2) + 31+ (2,3), (1)

where 1, 2, and 3 are, generally speaking, complex
fragments,i and the parentheses designate the bound
state.

We denote the initial reaction channel by the
index i, and the final one by the index f; the other
channels may here be regarded as closed. We in-
troduce in the center~of-mass system two equi-
valent sets of Jacobi coordinates: first the set i,
which includes the radius vector Rj. joining the mass
centers (1, 2) and 3, the radius vector rj joining
the mass centers 1 and 2, and g_{, which is the totali-
ty of the remaining "internal coordinates™. The
other set 5 includes Ry, T, and is analogous
to the set i with a permutdtion 1 <~ 3, The total
mass of the system is M = my +m, +mz. We re-
late the reduced masses, Mj = mg(m, +my) /M and
My = my(m, +mg) /M, respectively, to the motion
along the coordinates Rj and Rf , and the reduced
masses mj = mym,/(my +my) and ms = mymg/(my+
mg) to the motion along the coordinates rj and r f s
respectively. The total Hamiltonian # of the sys-

tem may be decomposed by the two following meth-
ods:

.7£=.7£‘a+.7fa=(0$f“+ha)—l—Va ((l-'-_—i,f), (2)

where s, is an operator of the kinetic energy of
motion along Ry, and Vg is an interaction part
which goes to zero for Ry — «. The asymptotic
states (for Ry — =) of the problem under consi-
deration are eigenfunctions of (%, + hs), and are
given by the following functions:

(Dank(Ray Ig, ga) = V]‘//a/ka, ei‘kuna(Pcm (l'aga)y (3)

Here ¢, (taken as real numbers) are nor-
malized functions of the bound states representing
eigenfunctions of the discrete spectrum of the op-
erator h, with the eigenvalue &qn», and on the en~
ergy surface

K22M o+ Bon = E. 4)

The asymptotic state is thus characterized not
only by the channel index « =i, £, but also by the
value of the momentum k., and by the index n, which
characterizes the quantum numbers of the bound
state.

As in [2] we now introduce the functions
zpan(ra, -E—:y; Rqa), which are eigenfunctions of #..
depending on Ry, as well as on the parameter:

Haban (¥a, Bai Ra) == Ean (Ra) Yon (TaEai Ro),
VYan (Ta; Sa; R,) R_G':O‘Z Pan (ra, &), &Eon Re) = &on, (5)

Bgr Van)a = § Vare Ve (dT0) () = S

We introduce tl_lg operators Il gn of projection

into the space vy, £o: Hgn ¥ =¥ on(¥omn, -

Furthermore, we derive from gy the operators
"max

>\ I, where the summation with respect

n==0

T, =
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channels and asymptotic functions is generalized in a trivial
fashion according to [11.
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to n runs from the ground state n = 0 to some finite
Nmax, Which may be determined for a given prob-
lem by means of the condition® given below. Intro-
ducing also the operators o =1 — II5 we have

N2 = Zana = O, Haﬂza == Haﬁ%‘azla, (a == i, f).

(6)

We designate by ‘I’genk the complete solutions
(obtained for &,,K) of the scattering problem in the
steady state with converging and diverging waves
[31, respectively. For the determination of elastic
scattering as well as of scattering with transitions
between the discrete states (n < npax) in one re-
action channel it is sufficient to determine $gznk =
Ng¥Znk (0 = npyay).

The functions ¥5, are inserted into the fol-
lowing equations (¢ — +0 in all cases):

1
11, [(H—E) + Hq Eam 2a‘%f'a] Mo ¥k

=H—E+AF) FTEu =0,

AG = g, #a] + (Lo, #q] Zam

(7
The functions introduced may be written in the fol-
lowing form:

"max
Yaw= 2 ¥ ame (Ra) Yow (Yo, E; Ro),
=0

n'

where the summation with respect to n' runs over
the range from n' = 0 to npy 4,3

Using the same operational algebra as in [5]
for the derivation of the-equation for perturbed waves,
and allowing for the finiteness of (®&gn'k', ¥Yonk)
for o' = a, we obtain the following expression for
the T-matrix of rearrangement:

- -\ 1
To.’n’k’, ank == ("Fo.’n’ky ['—' A’& + (Aa') m A;] ;nk) N

(8)

where the asterisk designates the Hermitian adjoint.

We obtain an alternative solution from (8) by re-
placing the first term in the square brackets by

—(A oz")*- Eq. (8) may be rewritten as follows:
Ta.’n'k, ank = (lr’;’n’k', Ja’, a “’F.;nk); (9)
where
oo = — o (1 + (Mo, #o]
1
X BT =705, 2“’) [T, 4]

o [0, Ha]) Mo  (10)

, 1
X (1 + I ErR—0nz,

20. [‘%.(17 HG]'
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The quantities 4 (2q) = Za[Za(E +ie
— #)3a]'Z.. are of great importance in Eq. (10); ’
they are defined by the integral equation

1

G (2 = 2a T, & T ie— g) 2y Za
. 1
+ s pra—gry S#eZ 9 (). (1D)

Here

3 1
ST, EFie—)Z,

Sa= ) Hon(E + it — &an), (12)
n>"max

Whére the summation with respect to n is taken

over the whole spectrum H#, forn >np ...

We assume that we canchoose nmax in such a

2
way that E—&g, (R)= 2’;‘;’0—- (&an(R) — &) <0 for
n > np, 45 2nd all values of Ry, contained in the ex-
pression for the T-matrix.

At low energies the substitution of the solu-
tions of Eq. (11) by means of the iterations in Egs.
(9) and (10) gives the decomposition for the T-
matrix of rearrangement with respect to the fol-
lowing parameter:

max APa Ml Mol
lgan(R)_%gaol !

When the motion described by Eq. (8) can still
be regarded as quasiclassical, this parameter
transforms to max Akeo/2MA|&an(R) — &ao| (n >
nmax), where A is the characteristic distance for

n > nyax. (13)

ZWwe assume that for n = noax the functions %a. (R){for an
identical symmetry of the functions yp, which has been allowed
for in the index n) do not overlap. In fact there may be overlap-
ping, a case demanding special attention [2]; for point centers
%an(R) in fact depends only on two factors; One of the angles
determining R in spherical coordinates is not contained in €ax (R).
3For Yn', ank W€ can write the following set of equations and
boundary conditions:

[‘7{0, - (gan(R) - ﬁgun) b (E - gcl,'n,)] y:: uk(Ra)

"max
=— 3 {[(‘I’ an’ [xav "pun’])a

n=0

1
— o KoZe S (F 17— 52) 5, Za¥aVon)altn, ank Ra)

e, ek oy O Vko/M, exp (ik,Ry)
+ fom (Kgkg) exp (£ i | ky | Rg) / Ry

where kg r2 lies on the energy surface. The determination of
Ya',on is equivalent to the, in principle, available solution of
the problem of potential scattering with a finite discrete num-
ber of internal states and a rather rapidly decreasing nonlocal
and complex potential.
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the reduction of the influence of the third particle
on the bound state of the two other particles in the
channels i and £. It can be easily seen that the lat-
" ter parameter is equivalent to that contained in
Massey's criterion [6] of energy level excitation
for n > nypax. Then the first term T of the above
decomposition is equal in the general case to

Towwe, ane = — (Faww (o, #al Fane). (14)

The first nonzero terms of similar decomposi-
tions are, as a matter of fact, used in numerous ap-
proximation methods. They are of special interest
in various fields referring to the quasiadiabatic,
quasimolecule, transition-complex, and quasi-

{or direct) resonance (for charge transfer) methods
[6]. In the latter case it is sometimes thought pos-
sible to consider the functions ¥yt and Yoy de-
rived from different channels in the reaction region
as the eigenfunctions of an approximate Hamiltonian
(e.g., when the second particle is far lighter than
the others). In this case the first term of the de-
composition in Eq. (14) becomes zero. This seems
reasonable, since the formation of collision com-
plexes from heavy particles (Breit-Wigner reso-
nances), which depends strongly on the kinetic en-
ergy and corresponds to the passages of the phase

- through k7 /2 (classical detention) can be repre-
sented (for "smooth" elastic scattering) only in

the subsequent terms of the T-matrix having en-
ergy-dependent demoninators.

We must emphasize here that, as maybe easily
checked, the kernel of the integral equation (11) is
not completely continuous [7]. Thus the use of the
simple iterational decomposition without rearrange-
ment of the kernel may lead to qualitatively er-
roneous conclusions., This fact is evidently the
reason that certain reactions go rapidly when this
is contrary to Massey's criterion [7].
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It is another important characteristic of the
expressions obtained from the matrix of rearrange-
ment that the expressions of the type (14) have
sharp maxima simultaneous with the maxima
of the overlap integral (¥~ gm'k, ¥*onk) =
(Y am'k'?a'n's Yonk? on). The latter maxima for
o' = o are not related to any collision complexes
and correspond to wave resonances of the non-
Breit-Wigner type. These resonances correspond
to the optimum correlation of motions (quasiclassi-
cal in atom-molecule collisions) along the coordi-
nates Rj and Ry with internal, essentially quan-
tum, motions. The consequences of the existence
of such a correlation have been considered in [9]
for the specific case of chemical reactions.

In conclusion we may remark that the above
considerations allow the expression of the probabili-
ty of reactions in terms of the characteristics of
the asymptotic states and elastic scattering, with-
out the interaction potentials being explicitly given,
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