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We consider the motion of solid particles with
respect to the turbulent gas in which they are sus-
pended. The results obtained can also be applied
to the motion of solid particles, undeformed drop-
lets, and bubbles in a liquid, and to the motion of
small liquid droplets in a turbulent gas. We con-
sider only the case in which the specific volume
v occupied by the particles is small compared to
unity.

We neglect the influence of the particles on the
motion of the gas. The range of applicability of our
results will be investigated in detail in a subse-
quent paper. The turbulent flow is assumed to be
locally homogeneous, isotropic, and stationary, and
the dimension R of the suspended particles is as-
sumed to be so small that the Reynolds number for
the relative motion of the particles in the gas is
small compared with unity. The equation of motion
of particles satisfying this condition was obtained
by Chen and then made more precise by Corsin and
Lamley [1]. This equation relates the velocity Wj
of a particle in a gas to the velocity of motion Uj of
the gas. In general form it is a nonlinear partial
differential equation. It can however be transformed
into a linear integro-differential equation with the
time as the only independent variable if
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where v is the kinematic viscosity of the gas.

Let U) and w; be the velocity and frequency
of pulsations with dimensions A. Using the fact
that the particle velocity is close to the velocity Up,
of the largest oscillations of the gas, which are of a
scale L of order of the dimensions of the system,
we have
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Hence,if R < ! the equation of steady relative
particle motion is
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The notation in (1) is as follows: V; = W; —U;
is the velocity of a particle with respect to the gas,
a =3p,/(2p +p,), where p, is the gas density and
p istheparticle density, g; is the acceleration of
free fall, and 8 = kjo v/R? is the characteristic
frequency determining the motion of the particles
in the gas and is equal to the reciprocal of the time
required for the gas flowing past a particle to alter
its flow state. The quantity kg, and also the quan-
tities ky, kg,..., which appear later, are numerical
constants of order unity. Since (1) is linear, the
velocity Vi is the superposition of two independent
quantities: the velocity due to gravity and the ve-
locity related to the motion of the gas. Since here
we are interested in the particle motion caused by
the movement of the gas, the term gj can be omitted
from (1). However, since this equation is linear,
our results remain valid in the presence of gravity.
Under our assumption R < I, (1) can be further sim-~
plified. It can be shown [2] that the term involving
the integral is small compared to the remaining
terms if wyR%/v « 1 for allfrequencies of the tur-
bulence spectrum. It is easily shown that this in-
equality is equivalent to the inequality RE< 1% In
fact
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Hence, under our assumptions the equation for
the relative motion of a particle in the gas is
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In turbulent flow the velocities Uj and Vj are
random functions of the time. To determine the
properties of the motion of particles with respect
to the gas we must know the relation between the
Lagrange time correlation of Uj and the Lagrange
time correlation of Vi, We therefore determine the
relation between the correlations

Q=U,0U:¢t+7), S=V,(®)V;¢+v).

A bar over a quantity indicates that it is to be aver-
aged over all states of the system. Since we assume
that the motion is stationary, Q and S are functions
only of the correlation time T and are independent
of t.

To find the relation between Q(7) and S(7), we
express U; and Vj as Fourier integrals and then,
using (2), we determine the relation between the
spectrum & (w) of the velocity field V; and the spec-
trum ¥ (w) of the velocity field Uj:
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Since the correlation is simply the Fourier
transform of the corresponding spectrum, (3) im-
plies that
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To establish the relation between the integral
in (4) and the correlation function Q(7), we must
use Parseval's formula, We obtain
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and, since

Tio:ﬁ? elordy = 8 (v) — %e‘s (=)

o0

(w (©) ¢ do = Q (1),
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The evenness of Q(¢) implies that (5) can be
written
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It is plain from (6) that we must know the time
correlation of the gas velocity in order to be able
to find S(7). From our assumption that the pres-
ence of particles has only a negligible influence on
the gas motion, it follows that we may use in (6) the
correlation function Q(7) of gas not containing par-
ticles. There is no general theoretical formula for
Q(7) applicable for all correlation times. We can,
however, use an empirical formula which approxi-
mates the behavior of the correlation functions. For
large Reynolds numbers we can use the exponential
formula given in [3, 4]. Hence, if we assume that
Q(T) =Q(0) exp{ —wy,T}, (6) yields
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Knowing the correlation function of relative par-
ticle motion, we can determine the characteristics
of this motion with respect to the gas. The most im-
port;znt parameters are the mean-square velocity

(V)¥2 and the mean oscillation amplitude a. It fol-
lows from the correlation function that Q (0) = U?
and S(0) = VZ; hence,
= (1= 0o, s (1 —0)o,
2 2
V=0~ Ul (8)

It follows immediately from (8) that if the par-
ticles are suspended in the gas flow (o ~ 10~3) and
they are not too small (so that g < w 1,), the mean-
square velocity of the relative particle motion co-
incides with the mean turbulence pulsation velocity
of the gas. If the particles are suspended in a tur-
bulent liquid, we always have g > w1, and the mean-
square velocity of the relative motion (Vz) 2 is al-
ways much smaller than the mean-square velocity of
the liquid (Uz)

All frequenc:1es of the turbulence spectrum in-
fluence particle motion in turbulent flow, and so it
is clear that the mean amplitude of particle oscilla-
tion must be taken to be the mean-square displace-
ment of a particle with respect to the gas [ri(t)]"?
after a sufficiently long elapsed time, i.e., for
t — . Inview of the fact that rj and V; are related

t
by the equation r; (t) = SVi (¢')dt’ and the random
0

function Vj(t) is stationary, we can express the mean-
square displacement [r?(t)]¥? in terms of the cor-
relation function S(7) [5]:
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Even though the function Vi(t) is stationary,
the mean-square particle displacement is clearly
a function of the time. This fact is related to the
fact that the integral of a stationary random func-~
tion is not in general a stationary function [5].
Substituting the expressions for S(7) obtained from
(7) in (9) and integrating, we have
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A comparison of the quantity a with the dimen-
sion of pulsations with observed scale L ~Uy, lwg,
yields

a/L~ or/VB(or+B).

Equation (12) shows that, in the case of particle
motion in a gas flow with the condition V2= ﬁz, the
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quantity @ can considerably exceed L, In the op-
posite limiting case 8. > wy, the mean-square par-
ticle displacement a is much smaller than the di-

. mension L of the largest turbulent pulsations. In

this case, after a sufficiently long time, the motion
of a particle suspended in a turbulent flow can be

_considered to be the superposition of motion due to

its entrainment by large vortices and random mo-
tion with respect to the gas or liquid inside a re-
gion with dimensions.of order a.
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